MATH (00T Umm'rba Mathematics , 2019 -30
8 | Preliminaries

(.1 Notations

Set : collection cf ol:i)ects (elements )

€ : subset

e : belovﬂs ‘o
EmmPle 1.1
S:-=1{,>,23

That mears S & a set CoV\'EaiV\ivxﬂ 3 elements ,v\ame(«a [,2 and 2.
OR:[,2,2e8S

lf T=1{1.2.2,4% , then we say S isasubsek f T, or SST.
That  means ever% elemest in S is also an elemert n T.

Notations cfEe.V\ used n this course :

Z': set of all postive integers
Z:setcfa.lli ers
Q=setcfanmtiomj numbers
1R=se{-,cfauveal umbers

$ o empby seb . ie ¢ =11 “Nothing

Lokl : seb of all veal numbers = Such that aszsh
(a.b) : set cf all veal wnumbers = sudh that a<x<b
[as) ¢ seb of all veal rumbers x such that asx

Exam‘Ple Y

Set of all 'Fosﬂ:ive. even iv\'(:esers {v.4.6,-3

n

{)m : me?f}
ie. this set consists cf elements cf ‘the fum\ Im such that meZ".

Exeise (.1.1

Set uf all Posi-(:ive. odd iv\'basexs = 7 (How o desevibe 2)

PAnswer : {im-1: meZ'}




Se:EOFerzz(:lons

Let A, B be two sets.

lrsbersection : AnB Union : AUR
Relative. Covvt'>|e.\mew(', cf B n A:A\BR Relative czmr‘emeﬁ(', of A n B : B\A
Ew\mFle, (1.3

Let A=1123  B=-{.3Y,C-{3
Ao = {23 ANC=¢

ALR = 11231

ANB = 113 RAA =133

EmwcFle (L4
Ra{2} : sek cf all veal numbers excels(: >

( Cavtion : We camncst wrrke R\2 as 2 is not a set !)

B<avnP|e 15
Sole L1 .

x> or x<-|
OR: xeloo,-)U(l, ™)
OR: xeR:\[(, 1]




VY : for all

3 : there exists (at least one)
3!: there exists unique.

= : implies

S \f and on‘g_ tf (e%uivdey\'t +to)
S€.: such that

B<AMPI€ 16

v yeco.0), I xeR st Toy.

{ trovslate

For all postbive real rumbers Y . there exists (at leost one) real number =«
such that -£‘=:3.

Un fac{:, 1-=J_|3 or 1:—»]%)

Y ye(o,0), A1 xeCo,00) st ay.

{ tronslate

For all pesttive real rumbers Y . +there exists unique _positive- real number
Such  that -:E‘=r3.

Un fac-k, x:JTa Dnlé £)

EmmP|e, LLF

Let x>0, (a=.h_(. |a?=x

%=E (L\)hx& )

2R N

)

|a_=x

E@MPle (1.8

n ARARC,
LPRC = 9" = PR +BC = AC (Rghh. Houm. )
MR +BrC - AC =5 /ARC 90" ( Converse c_f 'Pg&lr\ Ham. )
i both statements are bue , we Soy.
£MRC 90" 1 ard orly AR+ BC = AC
ard we dencte tE by LNBRC =90’ <> PR+ BC = AC



(.2 Functions
Function : A ‘fmc‘(:iov\ s a vrde that assijv\s +o each elemenit In a set A
emctl(a one elementt h a set B.

A 3 B Set A domain  Cuepuk)
set B : codomain (owq:ur(:)

\favxae(‘f) s B - \mnse Bf 'f

ranoe (£) = €)= {PereB : xed}
RO R T

deﬁvﬁ_d bca
A'ﬁm\c(:om]ef\fbm A +to B is dencted b«a f:h—"B
EmmPle, (2.1
l)e D) -f=1R -R defiwzd bla —f(-x)-x" ranﬂe<f3=to,oo)
2) -f L) SR defiwad bla "f(x)s'x." ravﬂe(—f) = [o,4)
ECAW\'PIQ .2.2
lf F:R—R deflned bca fev.)=-£‘+‘l-
f(—$3=(—3)+4= I% OR  wyite. : (6=7(_’+L|-
inpuat owtpist 7
dePendevrt ndeperdent
variable variable
Examﬁe, 2.3

lf feo x}":-(_i + Find Hhe. Graodmum) domain cﬁ 5.

Note. : :f(x) = xz-ﬂ-x is a well-defneel fwxcﬁon |f *-F=x £ 0.

L -F%=0

*xee-P:=0
x=0 or F
. Domain_of f = {xeR:x#0,33
= (-0,0) V(o PV(F,=)

= R\ {o. 1}




B(aw\'Ple 2.4

C-4x+3 20
x|l or %23
. Domain of § {xeR:xgl or x23%
= (-0, 17003 ,00)

= RN (G,3)

Exercise (.2.1

lf feo = 47.* fmcl the  (maivum) domain o-j f

Nobe s 30 s

Ans © Domain of f {xeR: %<l or x>33%

= (-oe,l)u(%,oo)

= RAL,21

Piecewise befmed Function :

Exo.mPle, (.2.5

lf j(wb Y , flvd the  (maximum) domain ?f f
Note. : f(x)m]'f-ll-x-\-?: is a well-defined 'fw\cﬁion '5 L-4%x+3 >0

is a well- defined fw\cbon lf L-4x+3>0 .

1 f %x>0 - %:fbo
lf jeo =4 o :f *=0
-1 f %<0 e

B«thle, (2.6

> & |

if x22
§ fo-

[ f %<

Exercise. (.2.2

p=& 3 f ESd
Ske&cln-&ve_jmﬁmo‘?f&)={oz gosisl




ExamPle, (2%

For eme(e, :

Rewvrte <l as

X
x| =
=X

5<a.m]>le. 2.8

NGEQ: 41l = {X

. ‘§w=lx+|\-\-|x-(\ N

Absolute \alue. :

(SimFla sFen‘:inj :

-§(70=|x|=,l;‘

2l I -A-3
lol = {5t = o = 0o
23] c Ja» -3 = 3

“throw away the neja-&ive. sign )
a_piecewise elef\v\ed -Jﬁmchon:

t X=20

Let ‘§60=l7.+|\+hn-(\.

What 11 the %_ru?lr\ c? -§(=0?
% Idea : Rewvre -Eb) as a piecewise dz?v\d "f\«v\ct\m

+1 .-g X+(2 0 (ie. x>-1)

—x+0) r§ X+1< 0 (ie. x<-0)

=t = {14

-x=0 r§ X-1 <0 (ie.x<1i)

i-g -t 20 (e x>21)

(e D) =0e=-1) = =X

i-f X< =1
I-f -lsx<|
'r? =1

) =x-1) = 2

e D+ G-1) = dx

-fc-on. and -§<n=:.m=:.

i Feo =t

-1,2)

‘gbo=l1+|l+lx-l\

a.,2)




Exrone.wbial and Losa\rfﬁnmic Functions :

. (a-:a" widh aso

Note : (a=o?‘ s we“-cleﬁned when a>o J
Think: §f a=-l, when %=, ysd= &7 7

a* - 'l>os‘r(:i\re j?o« avxa a>o  and ana veal nuwber = .

. %’I°ja" wrth  a>1 or o<aci
Note - 8= lojqx is well-defined

when a>1 or o<a<t !

Bg_ d:ﬁn’r(:ion, l:’j' %ea",'ﬂnev\ [°3a3= =<

Facts -

(D) lojaH+l°jaN = (°jaHN
'2) lojaM - (ojaN = loja%

2) lojan\z V\.(ojaM
4) (c,ja':l_-:hs-':i (Chanje cj base)

(osba

5) e=2.31828 ... (Exrlain lcter )
We write lose'x as [nx  Cachval loj fw\ction)
6) a* and IOQAX are. inverse +o each octher,

logax

. X
e a =X Q.V\A logaa = X

g F o I

) a>l 2V a=| 3) o<ac<!

goph of grlogex Jor

D a>l 2) Oo<cac<|



lnjec(-jve anrd Sw:)ec:(:we. Functions

Jrturbive.  idea :

in:)ective. : e.vena ta € Y‘GV\SQ (f) comes -frcm\ exqcﬂ:a one xehf
Surjecbve_ every %eB comes 'frnm at least one xeA

¢ ¢
A B A B

RBoth in:)ective and Sur)ecb'\ve in:)ec'(:ive. but nst Surjecbive
A B A B
Sur)ecbive but et in:)ec(:ive. Netrther iv:')ecﬁve nor vaject‘we

Defln\‘t‘\ov\ (|

Let §:A =B be a Function.
) flssmd-bobean w:)ecbve. fmchov\f
j(m)=j<n) S Lexn
( Explanation : Once. the output are the same , the vputs must be the same !)
2) £ is said 4o be a surjective function #f
V(ae'&,axeﬁ st. ‘§(7Q=ta Ge. A =B

5 f is _both 'w:')ectlve_ and surjective ,then t i€ sad to be b‘jed:lve.



E<amF|e, 22

Show ~dhat -f:‘k—»\k defiv\ed lma -5(1)=1x+3 s a bi\')echive. -fwxch'\on.

(D) ln)ecbive : 9 3:{(70
-fu‘) . ‘fb(.-.) )/ = 2%+

> A +D = DA+D / | >
= A=A
-f is tn)ect:\ve.
2) Surjective :
Let «aeR.
take o= —%;_i eR
$eo =-§(—'4.;i)
= 2(—(4,;_—3) +3
=9

|vwexse C§ a F\mcbon :
[Y\'('MTE'NQ idea : S

.Defin\":iom L2
et :f=Ps—>'B be o.fw\cbton. lf 3:B—>A is a fwc(:ion such Hhat

0 3(f(x>)=-x_ VY xeh

2) -}(3«3)) =y Vyeh
Then 9 is Said 4o be an inverse of f

Fact : 1) Once an inverse of f exists, £t s unigue , SO We. dencte b‘a_f-l
2) f has an inverse nf and cmla_ if f s bjec{:ive,




EvaxFle (.2.10

iv\\‘)ec(:ive SwjeC(:ive
F:RoR defined ha feo=siv\x X x
$ Rk defined by $oo = sinx X A
F:EREIE0 defined by foo- sinn v L

5 o s S B T defined b!a j@o- Sin® is a b:)ectwe. f\m\cbon
we  can defne_ oxesin juw\d:lon D

Sin': FL] T L]
We write sin: L EJ—Ct,1]

Sin ' (sin %)

x V¥ xeL L]

Sin (sm"a) Y v Y el-1,1]

Furthermore ,
cos :fo,ml—li11 s bSQCQ:ive and cos! [, 115 b ™l

“*on ‘("Tit s -E)—PR s bi')e.ct’uve. and €ant. R — (-% . -%)

vis

f(z) =sinz 1 (0.1)

i
.
.
H
'
!
:
]
' 3
.
:
19 :
f(x) =cosz :
:
y 2
.
'
-2 w2 :
!
:

if(a:) = tanz

i
1

Ty w2
1 1
| i

-1

Exaw\Fle, 2.2

Let '§='R—"’(0,0°3 def\vxed b;a -f(aozex.

Nete -that -f is bﬁecbive.,s:: -f":co,eo)-»tk can be deﬁmd ond tt s dencted ""6 -f'iaonnx.
Then ., we have

0 f-'< ) s In(e® = x YxeR

) f(f"(g): e.l""a =y Vae(o,oa) .




Fact : The 8\'qu\ o‘f -g-' is the ref(ectim c'f e %'T‘ tg:-fbv)

=X
($92-D) s
g\‘aF‘l\ o'? 'f Q‘ov\% ca:‘&. ?% ////
'ReaSovv-(P,%) lles on the gmrrk cf -f // ka=-§_ixx

& -Y(Fs 2q / /,’/ (%P)

3 - —> X
L= 'f(eeﬂF ,//
& (%P) lies on the grark cf ‘f-‘ yd

Even , Odd and Periedic Functions
-Defin\’bon a2

A -fwnd:iov\ fﬂR—VR is said +to be
- _even i—f f(—x)rf(x) —for al xR '608

kY
e.s. £, cosx , k=l

FYoFe\rba the gm?l'\ s samme'(-v’rc >
alonj 16~as<is .

odd lf f(—x)v-f(vo -fmr al xeR /

3
=2
e.g. 7(? - Sin = 'a

Fvorerta : the 8va<|>‘r\ is samme-(-ric X

about -the ovisin

Exercise (.23

lf f=R—>R s an odd fwr\cﬁow,SL\ow -l f(o)co.

. Ferrodic f there exists T >0 such Haat fw- f(vu'r) -fmr al xeR

lf Ts>o is the least 'Posﬂ:ive veal number wrth the above 'onFeH% , T s called the 'Feﬁod.

e.S. Sin %, cos x ,tanx
Fvb];erta : the 8vac|>|f\ is r'ePea(:inﬂ
aﬂain and aﬁaivx

4

}T la:SW\‘)L

/N -
© e
Feﬁod of Sin x ,Cos>x = 3T \f“ \/

Feﬁod Of tonx = T




3 Tr‘abnome('a’la

Pnctner wntt ﬁ measuremert of avnle.s (radian) :

Defwum L3

k)henﬁ\elev\j&cz?mame%mls-bo'ﬂnemdius, r
e a.njle SusFewded is deﬁv\ed as | radion.

©

Direct Consequence : T rad = 360
Exercise : T ored =

= 90°

—_ = 60"

Remark : From now on , kse vadian .

Amaofsed:berLe Arc\@\gﬂr\loke 9_
2 O A

A . e I
Tt I M- ST
A = Jir‘e l P - )
unit circle
TﬁSOnome(:r'uc identrties - 3y yd "

® Consider -the lenjl:h cf AR :

A =(cosck.sined)
1) A§ = Oﬁz-\-O'B‘-).c.os(oH-F) = '.).-).Cos(el-l-fa)

<=

W AR = (AH’+'BE$); + (AR = (Sinsl+sin FS +(cosol - <:c>s€)z

= A -').ooso\ccsF +D.s‘mels‘mf>
R-= (c:as[& ,-Sin F)

. CoS(oH%) = CoSd\cosF -S‘Moksin%

@ Join AR , AR cuds 4he x-ads ab C. TThen Cg(s‘“d:"'ii‘:gv\?ls‘ﬂg’ ' o)
Consider +he  area o-f AOPR :

1) area uf AORR

4 OB OB Sin(at f) =L SinGlrp

i) area c‘f AORR area, c'f AOBC + area crf AORC

| ¢ | ¢
T-oc-AA + = -OC-BB

_ Ji ) Sivxelo?s‘ﬁ + CiOSds;“F (SinA+sin
Sind + SMF

S‘m(&+f>) = siv\olcosﬁ-ﬁ CoSdS?nF

F) = '—1 (siv\olcosF +cosdsinF)




Theoven 131
Cos(cl+ %) = CoS o(c::sf; - Sin oksin%

Sin O+ F) = S‘wxolasﬁ + COSO(STV\P

Com]:owf\d anﬂle j?omula

Sin G+ F) = S"W\olCosF + cosdSin
Sin(l-f = sinclcesf - cosclsinf
cos(o+ %) = CoSolcos (5 = St ASin %
Cos(ot~ P = Cosclcos f; + Sinolsin %

1 -l-nkig Quotient

_ _tand+tanp
‘tah(el+%) === < V'\F

_ tand -tanp
‘fan(el—%) 2 == = V'\F

> Product to sum Formula
2coselc»s% = Cos(ef) + cos(al- P

—Qstv\elsm% = cos(d&%) - cos(d- %)
'Zsinekc.osF = Sin(se@) +sin(ok~(s)
‘D.CosdsinF = SIn(S+@) = Sinlol- )

put cle BB, ga b2k

Sum o Fr'ocluct fbmula.

SinA + SINB = 2sin 2B cos AB
SinA - sinB = ').casAJ.f— Sin -A:ll

cos A +cosB

D.CosA—;B— cos -B.'Zl

cos A -cosB =-2snB3B qin HB

) re|>lace (& \o:a -%

) re|>lace % \og -%

Double aﬂﬂle fovm,\la

=
m CoS2d = Cosdh-Sind

= dcosA-| = [=2sidol

Pt prt

— 7 SWMDA = DSindlcosA

vf—l-hels-l-qyd-&eSrdeﬁf



(I3 Sei«;«e_v\ces sf Real Numbers

EmmFle 4.

Lleb Q=2 , a=T , a8,

OR wyite as fam.=,...3 (No patkenn)

EmmPle, 4.2
Sei’uences hav‘mﬂ 'Fa'(:te_vv\s:

L-Cb Q=1 , Q=2 ,CL3=4 [ n Seneml 1 ah=1“-‘
leb aust , @u=Lt ,ay=% , - in 3enem| , a..=—,!L—
let aiz-t , ag=1 Qy==l , - in 3e.nem| ‘ G = 1)

Ew.w\Ple 43
Recursive Sequence .

Let {aal be a.sezaence cf real numbers deflwed loaa A=l and ap=an+2 for n=l.
Then fad={1.3,11,n3,...3 .

Remark 7 Defln'rﬁm\ L.4.1
A Sequence. uj real numbers fa.d can be regarded as a fwxcb‘«ov\ j?=2*—>IR )
and a,\=f(y\) (e given neZ . vebum the n-th +term of the se%»evce.)

A Sequence  can be visualized bé the follouinj diaﬁmm :

4
Qn=
a:=|
[
K a,;"'i 0.;:-'—
% - 3 &:t
l 2 3 4 x

Pwa observation ?

When n is 3e:t€m3 laraev- ard (a.rjer , O IS 3e&m3 closer and closer 4o O .



82 Limits of Sequences

2.1 Definrtion

Definttion 2.1..1 Clreformal )

Let fad be a sequence of real numbers .

B n is 33&11\3 laraer ard (arjev- , Gn IS Se(-.l:inj closer and closer 4o | eR ,

then we say L s the l‘m‘r(-,cf the Sequence. fad and we dencte ba lim_an=l .
ln this case , {a.) is said to be covwer3enb o {a,} Converges to L.

Emmrb 2.1.1
m - = o . (However —y"{#-o Y neZ')
N> N
im Y  does NOT edst.
A L) w
e a&‘(“)
(Bt some still werke lim 2™ st or A
= Qy= | =\
say o d’wer%es “o 4o ) * *
kgak—l)n does  NOT  exist. . >
| 2 3 4 x
Qy=-1\ =~
< *®

.Defivﬁ'tiov\ 2.0.2 (‘E-defiv\'rtion)
Let fad be a Sequence of real numbers and | eR.
| 1s said *o be the limt of the Sequence fand f

Veso, 3 NeZ st. la-Ll<e YnzN.
N

[ *

b3 R * *®
=

L-¢ = -

—_—
>

Meay\'wﬁ . No matter how small £ is 3iveV\,

we can a\wans Find _a NeZ' such that -the +ail (an with nz=N) of the Sequence
lies in the £ -tunel (i-nejjhloorhood cf L)




Theorem 2.1.1

1) Ifa.\-k VneZ (constart Se%nence) , then v(\.'.';““a"fk'
2 f k>o and aianfal |, then [ anso.

2) l'f -l<a<( , then v{i_o:\“a“'=o.

Remark: H seewms that all the above are obvious . but we need 4o check -Hhe S-deflv\ﬂ:’iov\,
whidh = had.

2.2 AlSebmtc Properties cf Limres

Theorem 2.2.1

Let fanl and {bal be Sequences of real numbers.

# J\i_v,w“a.\= L and J\i_v;;mb,\= ™ (vena imrorl:mb assumption ), then
D) J\‘I_V;A“Qn-kba = J\i_v;qﬁan + v[\i-';"oa"’“ = L+™M

D lim G-k = fim G- fim bas L=

2) vl\i_';\“av\bv\ = (J:'_V;’l“an)(v[\zgl“kv\) = LM

B B Meo , g, Oa o % L
n>os bn J\i_v;‘“bﬂ M

Examrle 2.2.1
Find  lm 243

N—=c0
Loa?ca“a_ 'B%G)

i - ; Y ; . -
© Jo,x-x . Bmigkmo,So lm ke y 2l ) -20 -0

Bé(l)

i 2 = i 2 = i 2 H = =

(&) .&'.("‘,.W’o , J:g*s R , So V\l.g“en 2 43 ’v&“uv\."'v&g"a?’ o+3 =3

But what we write. :

l l = l 1
Ki—v:\oe n +32 v(\i-':‘ua n +V(\|-:\a3
= 0+3

=3




Examrle. 222

)
Find f L3
w th_h'l\“ -,

)
V\ll_»;/\ {‘;\,_"' :-vu (We camct use @ , w"“a 2)
o =

[ o
‘nf'l"w - (Now, we can use @ )
o
. 3
o JRLE
2
-
2

Exexcise 22.1

3
BEind . 3n+l , L AN . .
L Sy i S22 (1§ exist)
3
Pnswer :  lim -0t lim L0 < growss -'fastex-

n—es -3 —grows 'faSEer' N—voo N +1

3
lim 33:‘"” =0, lim 232 does  NoT  east.
N N =-2N N—>cs 2N\ +1

Ama observation 2

Basical(a_, we are comPar'Inﬂ ~+the deﬂrees cf the numerator and +the denominator .

Conclusiov\ :

lf 'Fbo and %(:0 are ‘Folancmials .
peo = B 4 G X 't Qe + Qe Wit Gmi O (des -|>w=m)
qe0 = b + a7 e b +be with  bdo dea qe0 = k)

then

+oo if m> k
R G PR

(0] 'lf m < k




Fb“owinﬂ His idea :
Examrle 223
Find vl\im -l

= [apdian

_3Sn-1

Examrle. 2.2 .4
Find  lim et -Jn (Never sa lim S+t -Jn = o0 —o0 =0 )
N> \8 NS
lim Jrrt -fn
N

Jnt

= Jroet - i i
v\g\“( n+i JW) Jn._-c-l-(-Jx

v\iw‘ —l
22 Jret+dn

=0

erle 2.2.8
n

Find hM 3"-\— .

N>R

Question: Can we say -3-:—=
ABSO‘WEQlta NoT 2

2 and lim 20, S0 lm 2 -0 2

Since "I\g)ne’Q Y does NoT exist |, ‘FYDFeH:a Q) caunst be aﬁ>\ie::l 0



2.3  Monctounie Se%Aev\ce Theorem
'Defim'ﬁon 2.3

let {a.d be a Sequence cf real numbers .

@ {anl 1s sad +o be boused above j’ IMeR st. ans ™M (called an upper bound)  Vnez"
ad {anl 15 sad 4o be bounded below rf IMeR st. a.>M (called on lower bouwnd) VneZ'
a {asd s sad +to be bounded j’ IMs>o st. laul =M (e -MzausM) VneZ"

bounded = both bounded above and below

iv) fan} 1s sad 4o be monctonic increas‘ma tf Cp4 2 Qp, VneZ

VnezZ"

S

()] {qn} s sad ‘o be monstonic decrea.sivxa ‘lf Qs S Cpn

wi) fan} is sad 4o be monctonic «f t is edher

monctonic increasiv\a or decreasivxa

Geometvical menv\ina :
A A

M

,

M

v

fan} s bounded above bua MM

{an3 is  wonstonic ‘mcreos‘ma.
However, it maiy \r\aﬂse.vx that a

skarPer- Upper bound M exists

Exa\wrFle 231
k&a ' does NoT exst. Cwmonstonic but nat bounded ) monctonic = c:mverjey\'b
kga(-l)“' does  NOT  edst. (bounded bkt not  monstonic )

How about cambinlnj them 'base(-}\ev- 2




Theorem 2.3.1 (Monctone Covwerﬁev\ce Theorem )
l‘f {a.3 s bounded above (below) and wonstonic \ncreos‘mﬂ C decreasiv\a) ,

then.  lim a. exists .
NS0

Geometvical me.amina :

'[ Caution :
M fa.l 13 bouwded doove b(a M.
vl\.'-":‘aa‘" — but v!\;ﬂﬂ“\ s NST hecessaviy ‘o ke M.
*® * % Qi
x

Examrle 232
Let fan} be a Segeuence cf posttive. veal numbers def-weel lvpg
Q=1 and aGp =14+ ‘_a._"‘a“ (CRND)

B 2
Does vl\l_v’n“an exst ?

1) Claim: {al is moncstonic lncweasiv\%
Prove the Statewert “Guyzan” ba induction :

S-l:eFl-. Go- =12 ) _a =32 _1=L >0

+a,

S‘teF 2 :  Pssume QA 2 Qe 'fo'r some keZ"
_ - iy _ Qe
= _ahﬂ_ - _a'E_
l-i'dhﬂ (-fak_
- Qi = G
(H'qh-ﬁ)(""ah)



(D) {&3 is I:»oumcled o\\oove b(a_ QL

~ Bla Monctone Con\le.vﬁemce. “Theorem , vl\i\:ﬁﬂ.\, exists (But , what is the value 2

Let i an = A

Note -that  Qpp = 1+ l“" , -luk:vﬁ linie. on. beth sides

iwr
lm Gaw = lrmnl+ la" o 4 vt
n—>o00 +Gn (-(-vl‘_lu:“a“
A
A= 1+ T
A-A-I-=0

A=J:.§_E or J;.J_E (m:lec{ed)

Note : the [t s NST 2 .

Ccmsﬁar\'(', e
Consider a_ number ((+Lm)“ which deFevsds on _bsth m and n and then
0 :flx m,sala m= 100, N is Sethnj |ar3er ond laﬁer.

Nn=10 Nn = (00 Nn = (000 n —> oo
] Yl_ (=) { Y\_ 100 LY\_ 100 L“
(l+m) = .ol (”‘ﬁ) = (.0l (+55) = Lot (+57) —> oo

flx n, sa.:& n=loo, m is 36&"\3 la.vﬂer ond laﬂer

= loo = 00O w\_—> oo

(|+Lm)“= L. G+ #)“= Lot'™® (+ Lm)"= toot' ™ ety

How about seﬂ:uv-j m:=n_ and let trem become launjer and |arjer 2
lim (l+*)“ exists 2 Someﬂr\ivs betweenn | and oo
N->00

= O N = OO N = 00O n —> oo
1+ VL\)H= L1 (+ VLL)“= Lot'o° Q+ lm)“= ool % (i+ VL\_)“—> 231828 ...
& 2.5a3F4 ~ 230481 &2 3632 limict exists and call % e.
EmmFle 233

Let {and be a sequence  of veal numbers defined log Qn= (kY
Prove -that

1) fad s monctonic 'mcreasinj;
2) fad is bounded above .




=z C (Totally . nt1 beoms)
ek 0D L AR oy g LIEEREIOSE) FTAE LIPS &
SEETEE YRR T(EESICES-3 B XY (EE D I(EE SR (B O RS Y (BT S 1B S RH(EL D)
S'.milarl%,
Opiy = L1+ 3'-!(1-7\-':)+ 'i!("ﬁ)("ﬁ}-?)+"'+?‘-'!("7+!T)("7\?IT)'" QI S FIR #("W!T)("F&T)'” (-8t
+ sy (=) (=)o (1= RE =200 (Totally, . a2 4eoms)

Clanda . Cau2 0, ie. 183 18 monctonic increasins;

Q= Lttt =g 4 H =300 F) 4 - L =0 O0) - G=Fh) - L Q) -0 - (-850
sttt H+ef bbb 4l
Stttk b otgmetgn

!
|- 3w
- Py
= 1+ —F
2
< |1+ t
|-
2
=3

oo fat s bounded dbove bta Y
Ba ‘heorem .31, vl\i_v;\na,ﬁvl\i_v_‘v\m(u-k)n exists .




24 Sandwich Theorem
Theorem 2.4.1 (Sanduwich Theovrem )
Let faul, {bal and {c.} be Seiuences o§ veal numbers .

If GasbasCi YneZ and vl\.fi"aa“ﬂl\i-"{‘ac“"—"a"e"‘ mb.\,-l_.

Geometvical meavﬁr‘g :

(3 X Cn

% by, lnfac‘::,'ﬂ'\e resutt 15 still 'bme'(f

%X Qn Gn sbnsCna -for adl_ n2wn, .

~
X [AR
A X

% [dea: Estmate a Sequence. by ot we do net understand \lenawe.(l ba_
Seguences fad and e that we understond well.

Emmrle 2 4.1

Find lim —— 1
“'T“ ,va.+l +Jn
Note : © < s =

! ; .
— ~ i VneN and vl\l_v,v\“ o = vlg_?‘m o
B\a Sanduich  theorew . lim !

—_ =0
"o Jarl +dn
E(GMFIG. 2.4.2
Find hm —kSiV\VL
L%
Note : -—,l‘—_s —ksinn < —,l[ VYwnez" and ,l\i_",”‘.;_vl\'. =l&n“7LL =0

By sanduich “theovem , lim -Lsmn=o .
‘a N3 n

Exercise 2.4.1
Prove that lim i‘—')z =0

nsoc N

Hirk s 1= s1 .




Exercise 2.4.2

|f GasbnscCa -fof‘ ol neZ" and v‘\i_gn“av\t-l . vl\i_n;\ﬂc.u( ,

can we conclude that -(svl‘i_v‘v\ab.\sl'?

No! Corsider Qaz-t--% , bn=C0" , Cuz 4k Sor_all neZ .

We have ansbwnsca -for ol neZ" and v';‘_:’lwant-l . v[\i_l;\“Cntl ,

however \!\‘-“:ab'\ does not  exist .

‘al\
o
3
LS “ Ch= l+ R
® o
b= (-0"
>
%
o o= R o W

Theorem 2.42
Let fad be a Sectme_v\ce 6f veal mambers .
'l\ig\wa..=0 & J'i_v‘v\ala..l-o.
P
T Swrrose. that  lim_lasl =0 .
Note that -lanl = gnelad YneZ'. and fim -laul <-lim lasl <0,

bna the sandwidh theorem |, vl\iv_;\“a.ﬁ O.

s S"ﬂ>°se' hat VI\H."QQV\:O'

Then vll;n_ an = ('!Lw;an)-(ma..) = 0-0=0

Note Hhat  lanl=Jdax
‘im lanl = lim E
NScs N3

o)
=/}|ima: k) 18 true becouse of s

= do aﬁwﬂt\on‘&ﬂbis corstinuous at. o .

(o]



:B% u\siv\j ‘the dbove resutt, we obtain a resut covxceminj a 'Fmduc't of +wo sezmences:
Theorem 243

lf {fa.} and fbal be Sequences o-F veal nuwhkers such that v!kn”a“ =0 and
{b&} s bounded . “dhen ‘!l';nnanbn =0 .

pro<t
Note - -laul s an < laal Vnez"
- fbad is bownded = 3IM>0 st. lbul=M (ie. -Msbn.sM) Vnez"
-Mlanl € anbn s Mlanl VY nez'
[im Gn = O &> |im lanl = 0
N>o0 N->co

= VILI-::Q -Mlaal = »lf.:"aMla"l = o
Bé the sandwidh theorem |, vl‘i_gn“a“b“ =0 .

Theorem 2.4.4

Let 2eR, we hawe v!i_'."m ﬁy\?=o .

Remark : lf lal< 1, the resue is net Surprising .

1 lal >, o grows to infin’rba. (f o<-l, 7k s oscj”a&ir\%) as n goes to tos.
However , this -thesrem saus that  n! grows Faster Han o

Pt

Choose KeZ' sudh Hrat i<k Cie. ';’é‘«)

When nsk,
loAl 1l (A lﬂ' ol ekl |0’\l
°<| |( 23 K )(Kkl )
(M)“-KH
n-K+1 n-K+1
't‘<( = hm (M) =o =v[|m M(M) =0

B«a -the sandwidh theorem , &pﬂl%l=° = ,!,'.';"“_q‘;




83 | jmits cf Functions

31 Defin’r(:ion

'Deﬁh'r(:ion 3.0 (|nfe~m|)
(f fe:o 3eEs closer and closer to a real number L as x 36&5 closer and closert 4o <

-fmmbs&\sleles,-ﬂnen L s called the [imic fftﬂa‘:c,andwewﬁ&e_ii_@cfw=L.

T Note : a litkle kit mis[ea.dirﬁ !
f(c) ma.g NoTeraI 4o |, even 'rtma.nabe. u.wcleflned?

'Defivrrﬁov\ 3.1

Let AsR ., c be a cluster pont of A and §: AR be aj?mc{-;on.
LeR is said +to be the lmt °§f°‘b the point < f

Yeso , I3 8>0 stt. I-f(x)-L|<2 Y xeA with o<lc-cl<8

c-S

—
O P-----
p:f

R 4
[sc)

\
N

ie. x£C

Meavﬁv‘a : No matter how small € is 3'Nen.,
we. can alwo.as flwd S>o0 st 'lf x is a Foivrb with o< dist&.c)< S
then $eo lies n the € -tunnel (E-m‘ﬁhboﬁ\ood of L)




ExamP{e_ 3.0.1
B feoaxet, find ilm Feo .

t x 02 o099 o0.999 ( f.ool (ol .l /I

feo 19 199 1999 2 200l 201 2.1 / | >

f(-x\‘tew:\s-bolasi-ﬁendshl.
We write  lim -5(':0 =2 .
x>

Remarks :
D+ The +tddle onl«a_ gives an inturtive. idea , bk NST a ﬁawws ‘Proof!

2) A\wa\as Remember :

Do NoT resawd flndins limt as 'FWH'.\nj «=1 to fb) and 3€H:iv\j f(|)=‘12

EyamPle. 3.1.2

Let -f(x) be a -fw«céion de:ﬁv\ed log_ -feo=£+: LxE L

WUe can rewrtte 'f os -the 'follow'wﬂ:

4 e

A+ |ja XE

W\deflvr\ed f x=1 /l

oo =

N
\<

% 0.2 0.499 o0.999 ( l.oot Lot (.1

j(-;o 19 194 19949 wxdej?med 2.0o0f 2.0 2.1

fu)-Eew:ls—Eo'l as % tends to .
(But , we do NOT care what l'\aﬁ:ens when x=12)
We still hove lim -f(x)=‘>..

e & 1)

Cov«Fare with the ‘Frevious examFle 2

v [dea: When x 1S “near” |, betdrh -1 and x-1  are swall,

bt the %ws‘tiewt of Hhewm 12 nok small !




]lz_y:'?;ojl{z i§  x#o
| lf x=0

x =0O.1 -0.0l -0.00l| | o | O.oo! o.ol o.1

fw o o (o) o o (o)

—[=]

Do NOST care 2

QL"JS‘"‘) =0 whidh does NoT eiml +o f(o) =1

EuamFle 304

Let fz'k\(o'i——"k deﬁma:l \ma —fw=’>‘c—* i

P& -0.1 -0.0\ ~0.00I o) O.00l| O.o|

(az-f(-,o

o.l

3 y
fﬁd 1o 1o (c° uv\clej%ned 1o (o

2

lo

-jeo 4ends to 4o (NOST a veal number) as « tends 4o o.

limm —feo does NST edst.

Ao

(RBut some  still wrtke J(i:x;fco--u-w or say -f(x\ d’wzw%es ‘o 4+ az % teds to o))

Theorem  3.1.1

0 lf k is a constant ., then ii_v’nc k‘fk\reﬂarcled as Constant fmcbov\ *fco=|<.

2) lim x =C .
H*>C

'Defim-aon 3.0.3 (Infmm()

Iffboge&closerav\dduser'boareal V\umloerLasxaeEsclosexavd

closer o ¢ fmm the ﬁﬁkﬁ (leja(:) had side , then L s cdled the

Yi%h'b (Ie.fﬁ) hand  limit cf f(-x) at c.

We dencte 1t by lim,Jeo =L Clim Feo-L ).

?1\/



lf j*c-:o = o r)e x*=0 IV
% ;j? A<LO a
Jggo"' -feo = :Iégo" =S
J(ig\o. oo = lim L (does N&T ewst)
-f(o) =0
Remark :

"Riakl: hand limt and |efb hand  limit cf a fwcﬁon at a 'Fdwb are. NoT V\ecesso.\na
4o be the same !

Theorem  2.1.2

'Li.mc fbo L o- -l‘l“c"’ f&) - 1&.—';\::' fw -L

le 2.1.6 .
B R
XA+ |j2 x>0 /
% f@) = (@] if A =0
Cos f xX <0 U
i oo = et = e
1‘(1>o) R(x«:)

e

Remark : e is v\cﬂz\‘w\% related o -§(o)=o.



3=t
Exam‘:(e. 3.3

Let f(z)=lxl {x ‘(f *20

i =i xX =0
Ay Foo = Jipge % -

¥
lim _ §0 = lim_-% =0
>0 A>o

krc’*_feo = vkz\c’_f(;o=o ad so lu_v)nolxho.
Remark : We cannct say, _ii_v;\of(x) = _i[v;\ox or _liguof(x) = _li_v’no-x.

Since  when we fiv\d ii_v:\of(x) ,we need to consider -the neijhbov-koocl ef o.

However, v!.'—?ﬁ. fm=1lc'-?§. A =2 Since f(x) = A _In_a r\eijlqbov%ood c:f 2.

2.2 Njebmlc Properties cf Limrts

Theorem 3.2.1

§ both lim feo and ii_s;\cac-x) exist (Veryy iwcro((-avr(: aSuweriong) ,then
O fig, Feotgeo = Jin Feo + Jin, geo

@ Jin Feo-geo - Jin Feo - Jin geo

@ i feogeo = Jin Feo - Jin geo

@ iy Zo2 o AT if li_»,ncgeogéo.

o) .
*1>C 3( i@cﬂw

ExamFle 3.2.10

Bnd  lm 2wE-5
x>

Loa“mlba_: By

. _ H }'= N R = (i - i = . =

O JL‘:)A).X =2 , So _!{g\lx al{.';‘;("" x) J(l-v\;;i J(u-vg;i 2.2 =4
B\a Q@)

@D lim 2=, limelt, so m3F=lmz: limx =340

& b} ASDA WS> A2 AU

Bu

® lm3t:=02, [im 55, so lim3-5Y m3c-[ms5:=0N-5:3F

A=) ASD AU p &> AL

But what we write -

2Q
lim 25 = 2(Uimx) -5
AU A2

=3.3 -5
=3




Eyaw?le. 322

2
Fird g, 224
[im 28 = Il'g"‘s{_g - 3@-’!‘:1)1-8 _ 3--& =5
=i X2 T %2 (mx)-2 -2
Cﬂl&aOV\ 2

e seems that ™ makes no diﬁerewce bla 'wahv\s %=1, and “hen
. >_ 3-8
I 228 25 5
EWE,’B'\Mk Cﬂfeﬁ:\”ta ! Le_'h f(x)=-34::—28— , how do aom l:now ’Icl_v;\' f(x) :f(l) 2
_I'Ir\ivﬂs will_become clear when we discuss COvv(:ivm‘rba cf functiovsf

EwamFle_ 2.3

Fincl (im .

X2 -3+

Nute - iu_u:\l L-2x4d =0, Rw_we camct use &)

o o=l o GG | (4)5,31 X+l 2
2
A 4oy 2 XS G-DE-2) rx-ﬂ x-2 1l{ml %-2 (
=3
i SN

Sx-l#o and division can be done 14

E\camF‘e. 2.4

Let $RAGY —R defued by Feo=F=l Find i Foo.

|
Iim J;— = lim -l B+l CSDme'ﬁf\iV\ﬂ like ywtionalization )

x> x-1 > -1 A+

ii"" <x-o(a+n'

ExamP‘e. 325

Ck)
-+ . o lim - - . >
_Lw_;\o = lm = ;5 lm x . J&v\o == =© 7'&"0 == = © ngﬁ«mrﬁ wvong
im L. does NOT exist, So we camnot uwse () at k).

e o 13 >



EyamF‘e. 2326
Suﬂ>°se f(o)=l .g(o)=1 ’:lni-';\o'%=3 and ’Liros%-:S. Find _LILVL% and i_n‘\o'f(x)
.ﬁ’.‘l Iiw\ ;b
liw\ _ﬁ'&‘@ l‘\m X = X7 * s—a-’-
Ao %(1) Ao Q) limn Ac0 5
x X0 A
@ Nete xfo

b oo? o 0 (i BR) () = 3000
Remark Nothing related to o =1 - ger=2 ?

Theorem 332.2
& foz20 for x<c (x>¢) and lim Foo Clim Feo) exdsts , then lim feo 20 Climfod 20).

44
g=Feo

Combine  —tHhem 'bgeﬂlxe(‘ i
— =

'f f(-;oz o) for xfc and kincfﬁ) exists , -then _b_-;ncfbo 20.
(&

2.3 TRelation Retween Limrts cf Sei';mes and  Functions
Theorem 3.2.1

j_v:xcftth o Y Sequence {a} with anfc YneZ and lim _an=c, we lhave v!i_@ﬁf%):l_.

ln fact , lf we  wartt +to  show li:ncfbo=L L i iu'r!:z. imPessiHe +o  check ivf\v{r&lta

ww\ma_ Sequences. This statewent s uszful W reverse direction :
0 If 3 {ad with anéc ¥YneZ st ii_%an=c . but nmfm.o does NoT exist,

~+then Jci-'fcfw does NBST exst .
2) be 3 fad.ibl wth a, b.fc YneZ st nl.;_y:.“a.ﬁii_.:.“b,ﬂc , but v\llv{;f(h)#"livaf(&)

~then -k-'»"cfw does NBST exist .




EyamFle. 33 | 4

Let f'-'k—"'k defwxed lola )

[ ‘rf %@ ‘6=§w

|

o 'rf- xeR\&Q i &

t seews the %mrk consists of ‘o

Consider Sequences fa.d . fbat defmed lp.a Sbuijkb lines , but ™ -fact ivvfw-(-elg
Qn = YL\_ e , by\ = J—% SER\®D Ma.mg holes are -theve .

—”Aen “I.i_v;l“an, =Y!,i—v)v‘oob“' =0 , bW(’, VIVAI-@&-F@“):J&A,' = |

S i f(x) does NOT exist .
A0
Pschmll.a, wrth  rttle mod-‘rffca-b:on , we can Showd -,lc'.'."cfﬁo does NOST exist VceR.

ExamFle. 332

et f&):sin—,’z s -fu- x#o. Show Haat lm-f('x\ does NBST exist .

Sclve —fmu —Tmpu

Sin - = | Sin 4 = -1

+ =+ L

,NEZ L+ nez
*- Gn+HiT *s

('J.V\+§)1t.

Consider Sequences fasd |, fbat defh«ed ba

- | - | +
Qn D bn (ln_+->_r3'ﬂ'- 'EU' nezZ

Then "‘S_V:\aah='!'\lg\“bn=° . but vl\l_gn“-fm“)rvl\i_v’nal-l ,vlj_m'f(bhh}\t_gn“-l--l .
o lim -f(-z.\ does NGOBT exwist .
-0




24 Sandwich Theovem for Functions

Theorem 3.4.1

lf feos j(x)sk(x) VY xeRr{c3  and ii;.cfbc) ==l;"§chb° =L, then Li:cabo=L .

Qeometvical meo\nir% :

‘al\
Y=heo [ fac(':, the resutt 15 still true f
Jebos 3(1:)s hée) holds in an open rrttevval
L+ !3=%©Q Cowﬁaininj c but 'Fosﬂolg e<ce|>+, Cc.
4ofoo
c .
E.xamﬂe_ 2.4
Rove that J.To Teosg=o /lanf' """"
..... n
Note that « -1 s cos= < | for x£0 ___"c"sx //‘\
e —
-« s x*cos + s /S AT L N
and  lim 2z lm e T e T
A->0 A->0 ‘a

‘im 'x.a'cosz—_;(_ =0 .
A>0

B|a Sanduwich  theovrewa .

Theorem 3.42

!ii"c feo o0 < kgclfeol =0

prost -

e “ Swﬂ)ose. 'H’\ab k&ﬂclf&)l =0
Neote that -lf(:ol sf('x.) < lfbol Y xeRA{c3
by, the sanduwicdh Hheorem liwn ’f&):o

‘8 x>3C
T Surrose. Hhat lir.“c ’fbo =0,

and Jtl_w)\c-lftxﬂ =’lLI_w)\c lfml =0

Then i_:vnctffﬂ]‘=(7|‘lg\cf®)(jl‘lg\cfw)= 0.0=0

Note et |feol = JEFea
_“Lig\c_ lf&ol =_Jlli_v_'vx‘::Jl::f«:u]a
P hp L5l

=do

=0

k) _is true becouse of L is
a f-md:\ov\ ‘hat is continuous at o .



B«amrle_ 342
'Ba oonsldevivg “the 'Frevious “+heorem with fwwc, we have Imx=o PR 1lti-v:\alvdﬂ) i

ComFar'e wirtla exam‘>|c 30.F.

Emw\Fle_ 343

Rove that lim -:ccos—_;_ =0

A0

Note that -1 s cosd s V xeRu\{o}
“lxls x s k=l V¥xeR

-lxls % cos o slxl ¥V xeR\{o}

Also  lim -kl = lim kl=o |,
A0 A0
B(a the sanduich theorem , lim = cos = =°
A0

Remavk :

Sandwich theorem can be Se,nemlized +to left and nﬂkt hand limit .

Let j’,ﬂ,h R>R be "f\m\cblov\s and ce®

K feos 3@05!’»@0 For all x<c (x>e) and lim Foo = lim heo = L Clim Foo = lim heo = L)
then ‘ltio_;.c_geo=L (’I'fgc+geo=L) )

Exercise  2.4.1

Prove that Jtix‘_, ('x.~l)siv\(m) =0




Theorem 243

L Sinx
J‘.l-':\o x |

5 [dea: When = becomes swmall (but nst zers) , botdh sinx and % are swall,

but the %u«s‘ciewt c‘f tdram is nokt small !

prosf:

1) Consider Ocx<L , we have

Brea o]Q achC < Prea cfsec(-w OAC < Pvea cf ACABR

L dd o Ly
S St < rx < =rtaax
Sin% < X < tanx
T 0
Sinat Sinx
_X < | cos 'X.(T
Sinx 1
cos 'X.<T< I -YOV O<x< S
Also, lim, cos x = lim \=\,-Hr\¢.re:§we b«a-{'}\e sandwich theorem , |m_Sinz . 1
*>ct x>ct P ES L

2) Comnsider -% <x<0 , we have
Let y=-x ., then osy<f , so
Sin:&
cosxa< '3 < |

Sin (=x)

= < |

cos (-x) <

Sinx T
cos x<-S0X < | -fo\’ > <x<O.

Also, lim cos x = lim =1, -Hnere-ﬁwe b‘a te sandwich theorem , lim Sinx . {
Ao~ Ao~ A>O X
i SAX . i Slax . g [, Siax _ |
'Bua W _and Q) , ’k;no_‘_ - 3!.'::\6 = . 'Hr\erefwve A S22 l

Emw\Fle_ 4.4
Find  lim Sinzx
XSO A%
o i3z .l a3 3 3.5

x>0 1 x>0 I Y 2

Bmmrle_ 4.5
Find i Cosax-cesbx
x>0 Pron

sh B3b, oo bea
lim Cosax-cosbx _ |j,, 2SNTSXSMF

x>0 = e 2 -
Siv\%hx sin%x
= lim 2(&tbyb-a)
>0 > > &-x_ ﬂx
oa > x

T2




3.5 Limks at lr\fln“rba
'Defin'rbion .51 (lr\fov-mal)
(ff&)jeﬁsdoseramdcloser-fnamlWLcsxseésbifﬁerwdble.r

(s o 4o +0) ,then L is called the lmt of f(:c) at 4oo. We weite lim Feo= L.
( Similar deflniﬁon fb\f lﬂ“-afbo )

la/\
FYUM’HI\Q%WFL\, we. have L-/_\_____
l'lW\ ‘fb() =L but ('uM ‘fb(): M . / %L
A>+oo & TH-N
- _’_—4 ™M

o lim ‘fbo and i&n_w‘fbo ave. NGT Y\.e.ce_ﬁo.v‘a +o be +he game !

et g )

A+ > & T8-S

However f lw Foo = lm $eo =L , some Si""Pl‘a wrike. 1&»;\“ -f(-x) =L .

Exa.mrle. .51
Let :f&)=+z_ . XFo.

-TL\QV\ 7&1& u‘fb() = il_v;n_“'f(-:o =0,

%T
y=feo

or SIwrFl.a wrike, 1'—1"2» -fe;o=o, ‘<
—n\eorem 3.5.1
0 6 k>o , then i_lg\m—(_zg =0 .

XK
2 lm (4L -e
A4+

(NoT Surprising as i G+£)'=e )

a>1
Theorem 3.5.2 )

If a>1 , lim a0
A~-00

ﬁ [>as0, lim d«o0 en o=t
A~ry+too

. x
\IM [~ =1 a<l
e & F XY




2.6 Alqdbrmic Properties of Linits abInflbyy

Theorem 2.6.1

¥ both i feo and Jl'."mﬂ"" exist (Very important assuption 1) . -then
Wi Feo+geo = Jin _feo + lin_geo

@ Jin_feo - geo = Jim_Feo = Jin_geo

@ JnSeoge i Feo  Jmge0

@ i S o e § Jim_geo#o.

w.-v-u»a(x) W X >4co

Similar vesuts hold 'for limits at -

Exam'Fle_ 361
. . 3¢
Find xl'-'-"-m LA+ | .
2 im 3
Ji_n,,, 'L’Ei+l e X T "™ Rty fimiks does NOT exist.

lim  Cener <
A->+c0
e e L -

+x+dx

2

wm —
X945 (+0+0O

=3

Exam'rle. 3.6.2

d A4\
Find Ji_n“ 22+
N A4\

Jiwn
sS4 0 o+ (

2 L
| * %
-:Li-bw-\tm o2 L

Xt

O+0
3+0+0

o]




Conclusiavx :

l‘f 'Pfx) and o0 ace ?ol-avwwﬁals

'Fbt): amxm+m.x”‘+---+a.x+ag with. am#o (e, de@ 'Fec)awu)
%(.10 s by tau, X 4 e bx+bs  with bago (e dea %(7() =n)
—“then.

+oo /-0 'If m> k

i P Gm i =k
1|'%Tﬂ %(’A) - bm f =

O 'lf m< k

Similar vesute as the case in lwits crf Seczuevces!

Exam'rle, 6.3
Find ’Lh!\% 44|
(_(-deﬂ (

=S limrt Showd exist 2

i
LS 4l

R—e_ V‘cus\nla, de3 (
= i -t
EEES %Jll-x‘ﬂ

=hM ‘ ( Caution : 1<O$'—:-"—)1 = - —'—‘)
e ‘E'J‘l—f+l * * J—:

= (IM - l

A -0 'q__‘_i_;
=--L
2

Fo“on'wﬁ s idea, we are 3°Mﬂ o compare. exrov\ew(:’ml 5\Av\cﬁlons and 'Fol.anomials.

“Theorem 2.6.2
k

k_~x N x . )
D) li_v:r“-x.e_ = Imw—e_‘ o, —for avwa kso
el P | ;
2) lf_v:_t'. - Pooe = |I_’v\1w = -0 —for an:a 'FOIaV\OW\:a‘ PO

'Rou\aln(va sre.al:ing : PAs %o+ , €° éwus ~=‘fos-(-.e~r ’ -Han an% 'Folamowaa\
"Pm.f can be dore when L' H’e‘]*:lal 'S rule is covered.




Exa.mrle. 3.6.4

L X
Find [ & +e
AD~00 e’-_ e-x

and

—
lima e-'x.“' e-’f- dom’mdﬁlvxj “berms liwa e-'x-“' e:" domindbmj terws
D+ e’x-_ e"’L xD-0 e?(-_ e-"-

- e
liw\ i+e - liw\ £ +1
A+ | — 2% Ad+oo ¥ |
l+0 _ O+
|-0 T o-1

=1 = =1
- {dea: Ta\:w%_ %vxc'ben't cf e dom\mﬁn%_ “erm.
3F Limtts lnvolvinj e
Exav-\F(e_ RF 0
Find  lim (I+'::>cl—l )x
‘ A>+oo R ~ l Lex-N+%
lm 1+ Y = lim 1+
A5+ 2x-1 A+ 2%~ - N
= lm [C1+ y 1T u+—*
A+ 2x~1\ 22X~
= e"L‘ |
o
ExamP(e RF2
3
Find 1L-I_'(,v:\m(l+L_x')
Le(: |3=-x , QS AH—=>-o0 , l3—9+oo
lim Cel) - | Ly
A liesg) = i [Cimgp)
= hhn (—'L)'e
Y->+eo 3-1
G-t
= | | . {
= Bll_l:)h+°°(l+ = ) (HF)
= .|
= e
x
Remark : From the above wmrle, we  konow J‘L"ieo (l+,+(_) =e.




Em“Ple E3
Fid  lim Claaco®

e & Jo)
| et Y= 4+ . as x-so ¢6—>:\-.oa (Nst onl.a +oo , bt also - )
liwa (l-\-vc)& = lim (l-c--l-)‘a =e
~x->0 Yoo )

>
Next , consider lim £-L
X X

[dea: When x becomes small (but nst zerc) , botdh €1 and = are swall,

L 2
but the %«sﬁew‘c of Hranm 1= nok swmall !
Theorem 2.3 (
X
e-1_ _
a‘é—.:\o x< =1
X 2 3
C}\eabinj: e = l+1+%+%+...
< =
= ST SR PR . )
e-1 2 3! - X 4 X .=
o S =l =< f te B Fra ‘

®) s d«eabma Since. we are Swv.min% up M?vﬁ'balca ey swmall terws |, So a(ﬁe\cmic Propecties
cf lmts  CHheorem 220)  cannst be aPFlied .

Exercise 2.3.1

Ose a caeculater and —ﬁi(\ -Hre —fa\lmtwa +talble +o convince cawrsd-? dast ,\l_n;\b% = L.
< -O.l -0.0l ~0.00I &) 0.00l _Oo.61 ol
X
e\

= wxclsﬁned
BmFle. 332

Find lim g?,x__(

x>0 X

¢ EE3
im €=t . lim 3'_(%

x>0 A1 x>0 X

by S0 lina 2
Clim S0 Clim 2

L2

vl



2.8 Sandwich Theovem at (vfin’l'ba

Theorem 3 8.1

Let j’,ﬂ,h R>TR be ‘func':blov\s.

8 feos 3(7:)5’!\(70 For al xe® (actualy : La,+o) is swfffciewt)
and 1_[;m&;fbn)=lim heo = L, then 7L[;wnmge:o=L.

At

Geometvical me.amina :

Yo
g =heo

= 40
%% _

—

icd

Siw\tlar Tesul'e holcls 'fbr lim‘rﬁ at -

EﬂwPle 8.1
Find lim €*sinx
A-P+too
Since -1 <sSinesl and €°>0
€' 5inwse
Note : lim -€*= lim ™= 0 .
AP+ WP+

Ba the sandwidh theovem |, Jknméxsinz.=o.

Exercise 2.8.1

Show Hhat lim SMX | o
WD+ x

(Dont mix wp wrth  lim Sinx )
%96 X




24 Con-bmrh&
4| 'Defin'rbion
'Dejiv\'reon 4. 1.1

Let ceASR ond let f=A—>1R be afmc&ion.
A 'fmcbion fbo 1S Said to be cottinuous at x=c rf livn fcx) =f<c>.

xX->C

L

ldea - ® ‘Hr\]:.& e%.a(
A Jeo = S

7 \

@ limit exists ® we“-definecl

Geometvical menv\ina :

(3 Iy %sz
f(zo ---------------- GxAe)

B

Hie cuvve does NST

ol-+t------~-

— break vr at He ']>o‘|vtt x=c !

.

Furthermore , 1f a Dew\cb’(on f= A >R 8 continuous at every 'Fo‘.vvb n A,
then 'f is Sad to be continuous on A.

(31
Fed

{
Fo

/
(

let hex-c , ie. x=c+h (Remark : When x<c , we have h<o )

When « tends to ¢, h tends +o0 O.
_\'ke.rzfom_ , we have ancther B%Ymulahion :
A -funce;w -f@o 1S Said o be continuous at x=C 1-§ J\l_v: -f(c+h) =jl<r.).



4 Exanles
E«zmr(e. 42.1
Let §:R>R be a Function defined by feo=xtl.
We have : @ [imfeo = fimx+r=2
® fW=+1=2

f is conbinuous at <=1 .

5<a.m]>(e. 4.2.2

Let :fﬂR—vR be a.j?wsdzion defned B-a

j‘(.,_)= {siax f x40
a nf =0
e. X£0

v .
- sSinx _
We have ilg\o:f(x) -JLl-')AoT =1

. f is continuous ot x=0 & ,@.‘{’Lf"o’fb) ,ie. a=l .

Recdll :
fpeSeo =l § and oy € Jm 0 = fipaFeo - L

Rewvrte -

A :ﬁmction 'f(-x) 1S Said to be corttinuous at x=c

Etamr(e. 42.3

£ g

-1 if <=1
= ija < |

© im0+ figo -t 0

® lim_feo = lim_ (-
x>\ X

® —fm = 1*-l =0

) f B cosbinnous at >=1.

"
o}




Emmrle. 4.2.4

Absolute Value : lxl=l2

For example.:
(2l .-9:3
ol < I -Jo -0
a3l s lay-[ -3

(S""\’la sFea‘:‘mj : throw owaug e V\eja'tive sijn )

G
= x|
Rewrte =l as a 'Fieceo&sa deﬁv\ed -Jﬁmchon . 3
=X T X2 0
[x|=
X T X< O
>
e have
© fimpSeo - fimyx -0
© ala'l»"‘sf(’o = ali!)"‘s X2 Q
(D) 'f(o)= (o)

[l is corbinuous at =x=o.

Exercise. 4.2.1

Show -that f(’d:l"tl is a  continuous fmc(‘jov\.
Hirvt: Show that feo is _corttinuous

&) for %>0 ;G ab %=0 ; (iD for *<O .

Theorem 4.2.1

. lf -fm ond 3@0 are coviinuous at x =< , then feoijeo feo3eo 'g%)o' (3@;&0) are corttinuous
at x=c as well.

. ’Po(anmaal Functions ard exponential fnckions are continuous eve\rawkere.

. Tﬂsonome:b'ic fwxcbons and Iojar-'anmic func‘tlov\s are._continnous at eveny point where they
1§ g is continuous at x=c and Feo is contimmous at g ,then f{seo) s continuous at x=c.

(That's whiy we uswally have Jim fe0 -« $o>_as we usually looking at. continueus Functions. )




Emmr(e. 4.2.5

A
Let f(x) =%§j§—ﬁ— iuduewt of o Fo\canmia.\s (continuous -fwcﬁcns)

A
- (?:»(x 0 +the devominator i nonzero when % #£1 or 2.

- f(x) is continuous ot x e R\ {1.23

5<a.m‘>le. 4.2.6

Let jzﬂk—fk be a fuction such that
) jﬁ ™ conbimeus at o .
iy f(-xﬂa) - feo+fup  Foc all %y <R
Show Hhat :
o Fereo;
b ji is_Cortinmous evewawkmp_ ,
P
Q) 'Pw&ivxs x=y=o,
f(o+o) =-f(°)+fco)
Fo z-fm)
fo -0

) f ‘" cobinuous &t © = vl‘iro'f(o-(-k) = Jeco)
= vl\irof(k) =f<<>)= o
et x.eR .,
J\i:no 'F(z.ﬂx) = l’l\iro['f(n) +fdn)] (’-PWFMB cf 'f)
= fex,) + kv_:;f(k)
=f(-x.)

-f B corbinuwors evergwl«ere_.




4.3 Seq)wewbal Crrtevion fcr‘ Covfﬁv\wrﬁ‘(:g
Theorem 4.3.1

P\fmcﬁonf is cortinuous at x=c f andonla'f
for every  Sequence {ant with anfc VYnez' and Y[g\“an-c,

we have vl‘i_v:\“f@mf(vl‘ig“a.\) =§(c).

ExawrFle. 4.3 |
—n\ink : Find llm ’ ‘:t\‘.-!-'%
How did we do ?
Ll
@ n!m 4V\:+3-T
Wl @ w00
@ l'm ‘!-_V\-E?: - n.-uo 4V\++3 QJ—:-'Z

So_in je.v\e_ral, ) mears _lim 'f(a,) = f(kgaan) , wlma it s bue?

0 _ W | P _
Consale.r 0\“-4“,__'_3 e lf\ave n!l_t:\“ Qn = yiy

Also , we know f(x)-:lv_c is _conitinuous at

limn 'fta.a = -f(hm an
i Jztt\i‘s EF -3

-

f@)={l Tf e . and a,\-:—vl‘-_

Note : § is NoT combmmous akt x=0.
ligs $@> = fum £y = lig 0 = o
f(lg_»_n“a..) = Feor=1

i Fa # fc‘lm.a,)



44 Corkinity on [a.b]

Defivickion 4.4.1

Let §:la.b1—®

§ 15 said 4o be costiwows at x-a -f j;ndp-fmrfm);
-f it said to be contimous at x-b -JQ i%-f(1)=ftb).

a1 oy Feo (o, )

(k)e. camst ke about
,im_-f(x) and Jéru_-fbok )

Ada

Furthermore , lf a fw\cl:ion fﬂia,lo] —-TR I8 continuous at every Fo‘.vrb % e la,bl,
“+hen -f is sSad to be continuous on [a,bl.

Theorem 4.4.1 ( lnbermediate Value Theorem )

Suppose that § 1 continuous on [abl and Far < fio .
Furthermove |, rf | eR such “tat -f(ak L<)e<la).

then there exists (at least one) c e(a.b) such -that f(c)=l_.

‘61\
5 O I ——— '
N A
. |
= 'f@—--:/—\-/v E
! !
a .Y S

Similar vesut  holds ’for -fw.) > >f<‘o) — (What s +Hhe "Ficbwre 2)



EmmFle. 4.4

Let 0=

© Fr=1<2<h=F

® f is costinmous on L[i,21 (h —)?ad:,ou'lk)

Biy the Inbermediabe Value Theorem . there edsts cella) such that feo ==

c s Ax Ls.a def’m‘rhon {

Lledae (estimates 1)

) 9%
We can -fw-(-.b\er odstan a better estimation l:-a-. r

p
® Take Hhre m'\cl-'Foier of Cix1 ., e IS5 '

[}

[ -fu.s) =235 > . 225 :

PN i | :
® Fn=1<2<225 =fUS i — ! : !
L l<dX< s ‘l'ﬁ' 157> o

RePedhhj aaaivx and aﬂain +o obtan better and better estimation .
K s well-known as  mebrod cf bisection 1

ExamPle 4 4.0

Show Hhat. 2 =L has ab least one solution.

L
<

(ie. let f&)fi*-’-'—} , e e%ua'('}on ft;o-o has at least one solution . )
T
Nete -Hnat f(Lz)-z -(Jz_),..ﬁ~4<o

Fw =2Lia-ta10
ard £ i continueus on [ .11
Eta the |lrbermediate Value Theorem , thee odists cett. )
Such that f@=2%%-0 ,ie %%
Remark: 4 and | con be replaced bacsﬁr\e.r-?omts a ord b, bukt we have
to make sure Hak § is continuous on [a,bl.

o1
f(-() = 1-(_—[),_--;-! I-"li<0

f(() -2‘-—:,- =2 -1=01>0

Can we use the lntermediate Value Theorem 2 No! f is NST continuous on C-1,13 !



EmmP[e. 4.4 3
Let fbo=£’+\o-£+cx+d where b,c.d eR.
Prove taat the eofuorbon jc:o=o has at lesst one veal vost.

f(:0='x?+b-f+cx+d

=£(l+%+%+%>
We can dhoose p>o such -that rf *L=p l+%+%+ s >
Sivni'arla,we. can  choose g<o such -that rf 1:6‘ , l+%+$§+ >0

Then -f(i) <0< _f(?) .
(6 [\

(’F.‘E(P))
q /\ / What s the ﬂka of 3=fw?
%\y — Red 2 Green?
Awa\:oava, 'H'e.a cxt the ~x-axis !

(7'—f(1))

'f 1S continuous  on EQ,F] .
'B% lirbermediate \alue Theorem , there exsts Xoelq ) such -Haat -f&.ho

'Remmr(t:

0 'B\a Factor theorem, G- s a j?acbw vf Feo.
2) This idea can be jene'allzed +o ana 'Folsanowﬁal fcq wrbh  odd dejrez.



4 5 TRelative and Absclute Extrema

'Defsnrl::on 4.5.1

-f has an dbsolute  maximum ( Yesp.mimiimiam) point at a ‘f

feo < f@ (resF. foozf@ > Jor @l x m the domam o:f £

'jz has a relative.  maximum (Yes'F. Minimum) Ppoint at a lf

feo s f@ (resF. feo 2 fw@ ) For all =« m a mzawoorkood cf a.

&l lcle,a : Y‘Q[fd’i\le W\o\x‘\vmglw\ t&*f@)
’

Nete : No obsolute maximum
) W this case .

dbsolute  winimum / '\ velative  minimum
rRemar'k'-
D We Sm(l;l\a use  maximum / minimam _to re‘fe.r velative. maximum / minimum

2) Absoute maximum / wminimwn  are ako  called sloloa( maximum /_minimam .

Theorem 4.5.1 (Maximum - Minimum Theorem )
Let f'-[a,\p] — TR ke a continuous fwvcﬁon.
Then -there exists YAm Xy €L, bl Sudn that f&m)ﬂf(ﬂsf(m) fm- al xela.bl.

\a Adbsolute W\o“ﬂw\u\w\ 16\
QBSOLK‘:Q maximum
r =g

| |

| |

I abSolut&e I

: m’m’lmum—Nl :

i | ; :
) — ; =

dbsolute  wimimum Absoluite.  maximum / minimam mag be attained

at the bowdaﬂa 'lbo’m‘& C’f Ea.la]

Main i’ues‘tlov\ . Given _a f\mc(:lor\ L how 4o fmd all absolute / relative exbrema
Dﬁem(:la:(ﬂov\ ‘Frwd.es a 'Fouexj«l ool -fov- “that .



é S Dﬁwﬁﬁon
5.1 Idea o:f Derivative
Recall : (averaﬁe.) SFeed - distaxce

“‘ime
distance.
)
T S'bm‘\ﬂlnt line.
S=vt o \/=—_St-
S(OFQ =\ = SFQE.d .
, time &)
fRemavk :

Us‘mg cl‘sFlace.mevfb and velocrta Tf Yo know .

How adbout this case 2

S
A S=Fe
distance traveled distance traveled
<
fvom t=0 to t=I fvom +=2 +to t=4
Y-S ( Sw-s©)) (S@»-33®))
StH=sO) 2 . ot U\'\La'? The SFeecl s Cl'\anjin«j.
I > 2 4

SFeecl is cliﬁemwb at d'ﬁerewl-, momevrt

Hold on 2

What 18 the w\eavﬁng o’f Speed at a ‘l:arhaalav momerct (instartaneous sted) 2
We need a definrtton !



Instartanesus SFe.e.d at +=t,:

SA s =f(€)

r—

I 23 = feksrat) —feko

v
(|.,

*
; >+
+o Lo+t
3
\Ie_‘(\a swall
PNe.\mﬂe sPee:l between +t. and +o+st
_chave in distance  as  Feetat)-Feka)
= \"ein-t.w\e_ -A't— = -SloPecfl
™ ldea : Let st becomes swadller and smaller ?
Instartanesus speed at tta i defined ko ke fim Feborat) fe
(']:wv’tded H edstz |, “t‘f so . it s dencted baa -f'ttg) )
3=ft) L 3=
! as st-o /(
| — ,
S  Slope = Ft
I ! [
! ! E
’ >t ‘ >4

+t. +&t +.

Note : When st =0 , L becomes e "Eanjewﬁ lhe. at t= , So
S[DFQ c‘f Fhe -Eav\ﬁewt line at t=t. = -f'(t.)



Exam?‘e. 5.1
lf s=-f(-(:)='€, finel fi'z) Cinstantaneous sFee_d at t=2 ).

f’('z)

. ;f-(:.—e at) - 'f(:.)
lt"!'.o =t

® 2%
: sty =2
l w) (

->0

YV e
lll:h-?;o T At

llvazoli‘l-‘.A-t =yt

In 6ey\e\'a| , we have tarf(—:o , Fﬁx %o .
Then 'f'(-x.) means  Yate df d«av\ae of |3 wrtda ves?ecb o w ot A=A .

befmrﬁon 8.1
$eo s said o be differeticble at wsxe # I Fowiso-Foo edsts (called the first principled.
K is called the devivative cffbo at x:%s and it is dencted l:ua f("&p)

Note : _Bé deﬁnrﬁion, lf :f(‘l.) is NoT we"-dejlne:l ,then f’u.) is NST ue"-de:ﬁwed.

et ax=x-%, i€. X =Aotax
When ax tends +to o, % tends to x..
—n‘\e\’efwe , we have ancther fbwnula'(':ion :
fﬁo is _said %o be dl:ﬁerewﬁaue at w=% tf lima 0 - ) exists.
fande TN &b
-Pe\"form the -Frevious s-teP at eveny 'Poivtt:
4
‘/'banﬂewt line at (x.f(z))

SloFe‘ Zli"‘ Mﬁt_—‘@

SO




Recall : What is a f/«ncﬁon 2

'Roujlnka gPeo.km3 . gjven an ivrr‘xl: x. rebun a value .
Now, we consbuct a new :fvmc‘bion , f'(:z) = liw\ M C'lf exists )
OSxS0 ax

(ie. jtven anin‘:m':.x, returm ~the sloFe of the -bv\jew(: line ot (-x,f(:o), )

Examrle 512
§ Feoed , Find Foo.

f'(’x) = lim Feet s —foo
AX->0 oo &

lilM (‘L+AX)1- x‘

- AX>0 PAr &
Y
= iy 22X+
AX->0 a8X

Iiwn AL = 2
AX>O

Relection  between the Smrks of foo=x°' and 'f'bc)='lx:

% 4
T f(xhxl lr -f'eo =2
~<__ SloFe =-f’(x.,) = Ao f'(xo)
(’Xo.'?&b)) =D%e
T . .4
Ao Ao

Neotations :

If f:Aﬂ'lR is a.:f\mc(:’-ov\ that s d’nﬁa-mhiakle_ at every 'Fo-rr(: n A,
“then ftx,) 1’ said *o be a &'ﬁemwha\:le f«v\ctiov\.




Theorem 5.1.1
lf f(xhk,wl«\ere k is a constant , then j’&):o,
41

Note : 'tavgen‘t line at (x,-feo) is hovizortal
f'(x) = O

%:f(’xh(:

> X

Cowcnz&. CQMFWEa:(ﬂon :
lim Sezao-fo | [m _k-k
lAy &

AX~>0 OSSO0  AX
= lim =
A{v-:\o &
= liW\ (o]
AX->0
=0
Bxercise 5.1.1
Find f'(-x) f
@ §ed =% Ans : f'@o=l
b Feo = oo = 2

Theorem 5.1.2

13 ft-xhx_r , where r is a real number , then f'eo. ro ' whenever it s defiwed
CThink : lf r=—L, fm:R which is deﬁv\ed when %20.)
precf

Heunl«a_ Prove the cose f(zhx“,mkere n is a nabual number.
lim Ferao-Ffo | |0 Gead- 0

AX->0 liv, & AX—>0 SX

=2
lim O o+ Ol + 4 Caat ) -

AX~>0 o &
- liW\ n—|+ NN G wn-t
P M Cx ax Caax

et terms wth powers of ax

=N




'Dﬁemﬁabi\'rba on [a,bl

Definrtion &5.1.3
Let §:la.bl—®r
£ s said 4o be dfferectickle at o f i JOOFD et (or fin IO existn)

§ s sad 4o be dfferentiddle. at b lw FEFE ecors (or fin OO et ).

dp yFoo (b, o)

ExamFle S.L.3

et -f:to,('_!—atk def\ned b‘a -5(:0:1%.
fim .‘.M 2 lim + M—i
BAS =3

A% A

o lim X
XS
<0

-? is dﬁw&ia‘oﬂe at x:o0 and -f'(o\:o.

52 ’D\ﬁa«a«vﬁabil’r&a and C.owbww'ba

“Theorem 5.2.1

B foo is fferentidble ab x=x, then foo B cottiweus at xexe.
procf By asswption , _lm Feeten-fow oty

Ax->® ax

Blso, we know lim ax =0
Ax-So

Axh_'»";ﬁ""'*b’o ~fe> = Axlffu 'ﬁ""“’i"&"") %
beth exist
Frororax) - fe o
= | Xo+AX) — B -y .
A’!‘j’“b o Axl'g‘c L% = f(x,) -0 =0
|im 'f(xo+bx) = f(x.) . So 'f(x) 1Is covtbinuwous  at X =Ko
Ax->>

However , the cowverse s NST e



EmmP(e_ 5.1 — .f o \ir
Let f(‘i) = { - \

N 'F((+AX)-‘F(I) _ | [(l-(-ax)z-\] -[=d _ DAL+ SC
zlklxm:o"' &ax B i—‘x:o*' & = ilti‘m—* o =2
(Ft wmeans we ave (eokivsg at
Small ok -res“rhve ax )
o Fleso-fo | Ci—G+a] -0 J A
A'L"‘_’.,‘o— & = LL"‘_’,’O— A% - ilz‘m- s =~

(£ means we. are looking at
Small lot V\eaa-hve, x)

~ -F(l X)"‘Rl) N "F(l X)-‘F(l) . (( )_ ) p
e

-fem s NST el}ﬁemw\ﬂa\ole_ at x=1.

Exercise  5.2.1

) Show that feo is costinuous at x=1, ie. lim Feo=Fco ..
(Therefore , the converse  stafement cf theorem 52.1 is NST -bue . )
b) Lhite down feo for sl

Answer : 2% «f %Lt
féo = wmlzﬁv\ad ’f %=1
-1 .f x<

\(%\ Y =fe) EX / S R
]




53 Elementary Rues of Differentiation
Theorem 5.3.1

H feo and geo are differentiable functions . then

> <3e+3)’<=o - 60+ g0

D (f-g) 60 = $oo - gl

3) [product rule] (f-ﬁ)’(ao =f’cx.)3(>o+j‘<x)3’w

#) Lquotient rdel (£7e0 < u wj"%ﬁ?"ﬁw ® gogo
pof o -

- Q) e - (F -G

|‘|m

Ao aX
. lim Forso Gty - Feogeo
> 2 15 S

o lim  Foreo Gourend ~Feo glarany s Feo glakany - Feogeo

&S50 A%
. lim Foreso-feo {&ta) -g60
- &‘rlgo +AZX 3(14-&?‘_-" fm 1+A:x t 8@0 is dﬁeven‘ﬁiable
= f'@ojﬁ) +:%)3’(7Q = 8(70 8 continueus

= lim 3(1+mo =460

SAHo

Direct Consequence.
“Theorem 5.2.2

|f k is a constart and feﬂ B a ckﬁenew{:lab\e :ﬁmcb'(ov\,-&\en ck-f)’(-;o=l<f3>o.
P

Usiv\j '(:ke-[smdmdc vule and “heorem 5.1.1
ck$rYe0 '\f,l?,f(") 4 kfiao = k§eo

E>@ml>|e 531

Find & (3043w -2
EEI+EF)I-F
34 eI EO-F®
20x)+FHD - o

= bx+3F

ad;_ G+ T -2)




ExamFle 532
Find ad; R=5x+ Nx+P

ad; [R-5x+ NCx+P)]
=[ ﬁ{i(Bf—Sx-c. D] (x4 + Bt =5t 1) [adi('bﬁ‘i':p]

= (6x-8)x4F) + -5+ )

= 18+ —33

‘rwa + Sowpare. ExFav\c\ RL=5x+ Nx+F) and 6e:(: Ll -3 4T
Then Qttﬁeevaxﬁa‘(t , 82"; the Same vesuke ?

Exavale 533
Find the derivabive of %

[&EITG ) - o [ &+ 0)]

oy e )
- 26810 = 2% @x)
a0l
- D42
&+ 1)
EWFle 534

Find the derivative cf —‘E—-l-,];

ﬁl;_(é-*-ﬁ) = é{;_(vc.'{+x*)
. --.‘,-_1'% +-}l-_--x_'Ji




5.4 Hijlaar Devivatives

S&) : distance fwxd:lov\s (deFevds on +time £)

G ous ) SPeed rate. ?f dwﬁe cf distance travelled  wrth resre::t =
N&) %SE (Sbll a ’ﬁqV\CHOV\ Gf 't)

Question : What s —gc‘é'?

Arswer @ Acceleration !

= yxte cfd«anje tffs,m.zel w‘rtl«resrec:t‘bo'b-

We wyrke a&t)=%_%=%l|:%

Exm\?(e_ 54
S('(:)='€' \]&>=$E=Tb a&)=%_ti=%=l
s . v a
7 S=t 0 V=t 0
o a=22
Slope. s S Stop=2>-o
ivxcrecsiv%
> >+, >t
S’Feed is ?V\C\”EQSTV@
lLe. acce\e_wrb'nn%
Netations :

[ Sevml, let (a=f(-x.)
We have . CIst dervatve) 9% =i’f—=f'eo

(and derivabive) 54 . 9F - $ho

(nth dohatve) S5« SE . £



5.5 Devivatives cf —rﬁsonome:tﬁc. Functions

‘R'zFamxbions :

¥
J_i.':' J-C:C% - l;_.;,. ls%ﬁ‘) Note: cosx = |=-2sm(Z)
© A0

[ __Sin‘ (%-)

Ao X (%‘_.)"

e L
PY
im d=cesx  _ i, Ascoswx
o T Y -«
e lim Jd=eosx  |in o
Ao > x>0
P
= = (o]
= 0
ln SoSCrtan) -~cosx . [jwy CoSX COSAX - S SInAX_ - Cos X
X0 axX AX>O X
= lim Cos x —GGSAX-l - SIV\% SIV\A
AXSo Par & ax
= -Sinx = [iw\ cos ax -1

OS50 ox

j‘;‘z CoS % = -Sinx

Exercise 5.5.1

Show that édzs"mx= Cos <t l::a us'mj method  Similar +to the above .

coand

"\
5K

I-cosx = 2sin (&)

Sin _sx

©

ax

+tan _ Sin=x - | S - Cos %
X = Cosx Sec.x. CoS % csex sSinx Cot=x Sinx
Sinx W
ﬁz “‘an > = Cos . - T C;s’x = Sec % &) Exercise. : '-Ba %wr&iew(: rule
Exercise 5.5.2
Show Hhat
Q) jd_z Secx = Secx tanx
by —qfd_z escx = -ese Aot
) E%Z cotx = -cscx

>



5.6 Dexivative cf e
Cl'\ea(ﬂnj =““"‘+TT+
%e =£Z(l+-x+ 3&+--)
< . =<

= O+ +'X+—+?+
S

e ( 64:1\‘\“8 back H‘Se'f)

Geometvical me.av\'ma :

-+ ..

|P‘.: el o

3

var\e 56.1
Find &Ee"csﬁ T -2)]

%[ex(%wﬂ Fx-2)1 [a% el (@I -2) + &° f&(%—xﬂ F-2)]

e (34T -2)+ € (bx+3F)

n

(2t + B+ 5)

Question : How do we dij’-fereﬂtiatﬁe a more covnrlmbed j’wxc(:iov\ ,Such as  AxCezx 2
We need a -tool called chain rule .

5.-} Chain me
Theorem 53F.1

lf fﬂ?:-—ﬂk and j: A-TR are dﬁerewﬁiable fwncﬁiovs such that 3(1\){&,

then the cow?usr&.e. f\mctiov\ (f°3)-A—>TR de:ﬁv\e::l 58 (5‘*3)(70 =§(36=0) i d‘ﬁexeﬁﬁolo\e and

fo 3)'00 = f'(ﬂem 3’@0 .

Hard o understand 2 Let's \'Efbrmm(ct(:e tt as :
Let "*‘3‘*’ , ca-fmnf(ﬂeo) .~then

: dy  dy d

the chain vule s\mFLa means aﬁ._g‘f_a;
Ay _ o ) Auw

Think - AX  An &%




EmnFle 53.1
Find the devivative of J'x‘-(-’m .

d
let w-= g = 3, a% = 2%+
dy __
4= oo - Jx Shas Ty
—hen -f (3(':0) = 'J'X."(RJX_
. dy _dy du
Bla_-ﬂne c]rmnwde, e =
= D/J‘a '(21'\'3)
= \ - (2x+) ’Fm't u= T+3x back
PARvrCwe
b P
en Pt back goo 5 (g0 g
Emwr‘e 532
Find the devivative cf (373—).1)(°
d(&\ _ 6
let w= 3@0 = 3¢-d% 9o - 62
la=-§m=m %‘f—z(om"‘
N ©
—then Y= -f(%w) ; (%x-):)
R y _dy da
‘Bgdnlv\vﬂe,d‘x-dm d‘x
= ot . (bx=3)
= 1o (%x"-lx)q- (bx-2) 'Fm“t u=3x-2  back

= 20 (Sf—lx)q- (3=-1)

Slosm : diﬁexewha('e [aaer Ba la:)e,v-.

Exercise 571
Show that G- &2 ae™

x
Show that F & = nadd  for a>o. C(Hirk: de ™ )

Exercise 532

Find -the derivative cf (J—)‘

o)

Q) ‘:ﬂa us'mj the chain vule :
by L:g wﬁ'E'mﬂ (%)‘ = -(%“): and us‘mj the indﬁe.wt rule .
Amwe\" : Bo'u'\ eiml +to =

+y




Examrle 533

—_'Emds\i:_ug_%mhewt vule :

E) oo - (32 . 4 (oo Taeol)
3 ﬁ;——tjw)—il Jeo 14

r Eﬂ-‘ ?f: azd E 3"
R _ Pl u 4 hoin. rule.

S [l +Seo{- [qen™ S8 ]

‘Llfk i

{‘ &) qeo -?cao qco
[ac:o]




5.8 [m‘lbl'lc'l'b Diffeventiortion

5<am'b|e 5.8.1

'i‘+ta‘= 2 —<

Locus o]e C is a cice centered ot (0.0) with radius 2 .

Check: (1.1) is a -I>°1w(: [aivxj on the drcle.

y We wart +to jewd +the equation cf
“the '(:anjen'(: line 2

(2. need o know the slope of £

Nete. : ‘Z’-\-la’:e). s NoT g -fvmc'ﬂon!
Question : How -to 'ftvd %;é— 2 (Psd:w:\(ha,, is & well de?iv\eé 2)

Pnswer : Yes . \'bug‘r\\ta sFeakm%

T - GO
O =

The small Seamewnt T corstaini (1,1) can be vegarded as -the ar
3 N 3 N
cf Some. j?\mcbon 6:@60. (n -fact, %a):,}z-x_‘ in_this case.. )

How + fiw:l 2 Do t as usual ?
'7(.>+3==’1

cl'rﬁerewha-l-e both sides  wirth v‘eslxct +to > .

2%+ ’23 %;% = O (A’Frlqatv\a chain vule )

-%p( when CHNENININ

We denste . by S -
= ‘a dex.a):Cl,l)



Remark :
%,% s elefv\ed at a Fo'm't uf a cune OV\I:\ rf a swmall ave erboiv\iv:ﬂ “the 'Foin-(: can be

v'cﬂardgd as the ijl«\ uf Some -func(-:\on 5=3@0.
. %g: s NoT dz‘ﬁv\ed when (x.g)=(:l:5,o).

W3, 0)

A

No metter how small the are is.
tt camsct be vealized as 8\(th cf Some. -fxmc'bzov\ ¢3=3co.

Exam[:le 582 21 B4y —3zy=0
7(5+33-3w6=0 — T 151
B30 G -3 §E - 0 "
. 051

%3"_2% B=Clotd

"2 45 "1 05 |o 05 1 15 2
05
H we wart %o jp-iv\d the slope »

of ~the ‘v'.:anje.n'(: line at A .

"de'ki A=l wmte T .
L9
% -33-& l=0

(K.No‘r e.asa 4o sohe ?

FACT : TThe above ec’o\a'b’«on has Hwee voots , tuwo voots ooy are positive (o <oly)

one voot s hejaﬂve .

A=) and what we need 18 |
(’..233(1,00)




A‘Frhca'aovxs :

ExamFle 583

Drﬁemhdhon of L.:jav'lﬂ/wv\ic. Function

Let 3=[n-x_ , x>0 . Then ed. 3
chﬂ?eyewha-(-e both sides  with rgrect +o = .

S

Exercise 5.8.1

B«amﬂbvr\j 103‘"1-([‘:\_:.' show that g;_loaapc =;[:’? i

Example 5.8.4

Let y=labd , xbo . Fnd J&

We aan reartte [ lax  ® x»o
{ln(-x.) i x<o

For x>0, we have just shown that %&=§

For x<o , Y = ln (=)
ed - -2
ed gy,

>
2

%
A

Note: H is w‘né X“sz'x =lnlxl+c .



ExamFle 585

: Ge-De-2)
-1~ ).
|a= -4 ) 'H/\en Md %‘3—

D -0
T4
3

lwl = |':L-l]|’x.~1|z
‘3 I>-4|

In (‘3|3= IV\ |7L-I||7L-’2.|1
-4

3 |v\|c.a| = lnlx=tl + 2lnlse-21 - Inlx-41
2 -1 2
% %‘3- x-1 + x-2 p
-4 { 2 |
% 3(x-l + -2 1-4-)

3
| (x_.)gx.zf-( [ SR | )
2 X -4 -1 > A4

Exam];(e 586
3
Let e 2
Y=gy nd =

- gsx o
O e

[n Y - 5« + é het+1) - 4 n@C+ )

Ex:
5% 3
- 2 _Wx | e y =
Ans Sﬁ = [S Y T S, @&t
Exaw\F(e. 58%

'Dﬁz\'wrl"\a‘ﬁon of Inverse _rviaonomzl'vic Functions

d‘rﬂ?evevvha-(-e both sides  wirth res|>ed: ‘o = .
d

Cosa aid: = | -
d —

Tt Torg cosy -+ di-sity

gﬁ- p— = 1= or -
1-x

S‘marx -T2y

Let c3=sin"'x., Sirf':[-l,l]—>[-%,§-]._l'b\en,sivuan:_ .

'D'u:ﬂa'm\-h +o d‘rﬁerewﬁa‘h bla (AS?V\S chain rde  and aluc-heyrl: vule. .

( AFF‘% \MFlic’i'b d{ﬁaﬁw\'\aﬁw\)



Let |a=c03"x, cos':[-1,11—[o. 1] . Then , cosy=x .

d‘lﬁeyewha-fe both sides  with resrect o .
-sm% éﬁ = | Cosla =X - oOSYsT
d . ey
silv\a sSin 8 = =+ I-CoSta
-1 sdie or -di-x

e e

A&
a?';cos"'xs l-lvt." (re\_)ected , OSYST = Simazo)
Exercise. 5.8.1
Let 13='tav;'x ) ‘tand:TR-—)(-J{‘,%)-
Find g&. ‘ Ans 5 tan'x - F=

ExamFle 5838
Let 8=xx , x>0 . Find %ﬁ-
Note : The Power is NoT a constant, we cannct use -the -fomu\lar ad;intﬂ{q.

Y=

IY\3= lnxx-x‘nx
diﬁeyewhad-e both sides wirth resFecE o % .
—%g%=(nx+x.%

= IV\7L+|

-g?i— =(|V\x+l)(a = (lne + 1)

Exawwlble. 5814

e
3
E

Su\ﬁ;osz '7(.34- 83 - 3116 =0 , flr\d
4 :}3 - Baua =0

?D‘J&+3|az Sa-- 36-'5"1%&- =0
du -
3'?}_"_8_

d’lﬁevev\'ha'l'e both sides  wirth resFect +o asain.

i S—:— (g=0 = (gD (g —:'a- =t)
& (i)
Sub. flﬁ= (a,::‘: back -to express 3;3- in_tewms cf ~« and “ on\(a . f Yo warrt . (ijktmare »




54 More on .Dlﬁevewbialoﬂ'rba

Exav«Fle 54.1
‘fC’.DS—L lf A #O
Le‘E f(xﬁ * -
~~~~~~~ /la-
o f €L=0 S o (a: f(vg)
"Does f’(o) exist ? / ....... s
T ot
(im f(o-t-o-x.) -:E(o) _ liw\ A% CoS Az p ‘3
S0 LA A%X->0 > 8
= llw\ AxCDSA—x )
=0 Ea sandwich -theorem
|f xfo, 'fzx) = 2xeos =k + o Csin L ) =x)
= 2xcos = + Sin:
. j" s a efjefemw(:ialole. fw\ctiov\ , Le. diffevevfﬁqb\e. ot evev:j 'Fomt.

Note : H s wvov\j +to Saua ]eéx) = ').-:t.c<>s7—'C-o-s‘m7—'C

, 2tcos = + Sink 1§ X #0
Now , f(-x) =

(o) 'f xX=0

Lo*
.
.
Pt
P
-

LY
.
~
~
~
~
~
~
~
~
~
~

, So f'(o) cdves NOT exist .

Exercise. :

Show  lim f&) does NOT edast

A—»o

(= 'f'(':o s NOT continuous at «=0)

2 f is d’nﬁevex\'ﬂab\e ('soodl’ In_Some Sense )
but f’m can be “bad’ .




ExamFle 542

Let f:lk —R be a non-constant j?wcam such  that

m f s diﬁere.w&able at some w.eR

Giby -feu-a) =-§<z)-fua) fcr all =y eR.

Show Haat

@ fadrto for all xR and Fer=1.

L £ s dfferentidble at ey xeR and f’cnh%:; feo .

a) (f f(a):o J_Fov-swne. aeR

—then —fm« o <R , we have
feo = f(i—a-«-a) -f(-x- a)f(a) =0
Le. j—"co is constant zevo (Cortvadict o the ass“mr'bov\)

-fcwo 40 YxeR.

'-Puc&ivxs %= ta o,
f(o+o) = o) f(o)
'f(o) =T o)]z

Feorel o O C(rejected)

b) f s cl:ﬁerew(:ia\ole. at
‘ Pt 50 -fex
= e -Avl::o * &ax

= lim GLo) T - T xo)
OX—=o

AX
i 5@_{% ¢ foo po)

=1
AX=>0 L

Now , lim jﬁ-‘-_ét)x_-'f&

axX->0

= lim f(‘x) fcmo -f(ﬂt.)

OX—>o A

==f(x). lim M

SX=>0 oo &
=-§,% 'f('-t)
. jl is dﬁe«ew(:ialolek:!: e/ma zeR and f'(70=-§%2.) -f(—:o.
qP fact X feo =e for Some  non-zevro covstart k . )



Exercise. 5.9.1

Let f be a diﬁerewﬁab\e 'flmcbon Such Haat
j’(x-ﬂa) = f(x)+-f«a)+ Bwa(-ug) Y x,cae'k .
0 Show Huct  Liore lm Feo

&xs0 AL

b) Hence, show -that f'eorf'(o)-l-?nc". qP fod:,f(‘z.)-C-r-f'(o)x-ef r§ You know iv\'tzén:tbion.)

Exercise 5.94.2

2'&
ALt f x>0 lo/(&:‘f(ﬂ
Let -T(x) = o «f %=0

-1 nf A*<O0 o
@ Wite down 'f'(z) QxF(lck'Hta —_—

(0) Show -that )‘2 s not d.\ﬁzfmtia.‘o\e. at =x=o.

) Show -that |i|v\_fl(=o=0 ard lim feo=0 , So lina f'bt)-o .
AHO x> A0

_ﬂ*\er-eforv_, :lni:sft’o=>lcir€ft’° s 'nnswﬁde.wb +o show -T = dﬁzreﬂt\a\de at =x=o.

Exercise 5.94.3 X

e ‘fw= {x‘ ‘f xe® ‘szbo

- \f eR\&

S
Show -that -f(z) is d‘rﬁerewbiab\e ov\la at 2o and -fﬁoﬁo. /

—n'\ev‘efb\‘e , -féo) exists  while ’lga_f'eo ,’ligo...'flbo are not.

SW’M\Q\"‘a_'-
2% 'T' is ok He at x=x.
-f‘tsd e at =x=x. % -f'iscowbma‘tx-x.
Theorem 521 4 K Ewple 531 % lim - Foo  exists
Example 5.9.1

-Y is Contmuors at  x=x.

'Dﬁn\'(:lon 2.1 4 >4 5<aml>|e 313

log Joo oasts
Exercise 5.9.3
% ’ ’
§ o d ot xrxe o lm foos lim Feo

Exercse 5.9.2



g6 Applications of Differentiation

6.1 Rolle’s Theorem and Mean Value Theorem

Theorem 6.1.1

let $.@by >R be a j?maon and cea.b) such -t
1) :f'«:) exists
2) § attains  maximum (or minimum) at x=c.
Then , we have F-o.

'F\rbof: Asswme :f attains  maximum at x=c .

f'Cc) exist = [im - M@ Ab:m _ ;E(c+&0 -ic) f(c_)

LX>0 aX

B% theorem 322 M< o 'fbr al ax>0 = je(c)= [ima iccﬂztz-f(c) <O

M@>O -fcrall AX <O %f(c_)= !m\ Mh;o
ax
“ féc) =0

Theorem 6.1.2  (Rolle’s Theorem)
Let F:labl—>R be a fmction such Hhat
D F s contivuous on [a.bl
D F s qhﬁemeaaue on @.b)
3) Fla)= Fdo
then there exsts c elab) Such +that F-:o.

Geowmetvical me.av\ina :
% N

‘61& Fw©-=0

Ftay = Fdoy | Fa:Fb) 4 - - —_N_




[dea cf 'Fmof :

Ba “the  Madmum - Minimumn Theorem , there edst xp %y €la.b]l such that
Founs Feo s Fegy for‘ al xela.bl .

Case | : Etther xm or %y lies on Ca,b)
then Famw =0 or Fp =0 ('Ba-él«em—em &.1.1)

CGSEQJBGHA e N av\cl’x.H lies on bwrdar% ‘Fob‘\'b Of La.bl ,
88 aswrrbbn , Fa = Fby  which -forces that Feo s constant on Tabl

So féo=o for al xe@,b)

“Theorem 6.1.3  (Mean Value Theorem)
Let £:labl—=R be a function such that
N $ is contivuous on [a.bl
D f s differentiakde  on @.b>
then there exsts ¢ €la,b)  Such “that ftchj%f@—

-

Geometvical meav\iv% :

L
34 L
a C b 7%
Ancter Mberlyrzbcd:im ;

mh_ﬁddo-a)
change of §—change of =«
k)he.nxdr\anja ‘f\’bm a 4o b, char\je ofx:b-a and ckanjeof-f=-f¢>)-—f(a).

and 'H/\ena are velated baa the derivative f at Sowe Folwt cela,b) .
_l'heregure,tfue.‘mveocmbbl on-f',-HAev\uoeob'ba.cha«bml ov\d'\anjeof-f.




ICJEO. cf "Fmof'.
Lookin3 fw cea.b) sudh that jf'(c): fda'; zf(as

a

ie. loo|<‘m3 for a_solstion in_ (a,b) of the ex—luatiovx

P . IO -f@ o
b-a

1)
ldea: Realize iz as Feo  and aFFI«a Relle’s  +theorem .

procs
let Feo- fm_f@_f%ﬁﬁa-a)
Check.: 1D F 13 contimuous on [a bl

2 F i diﬁemwﬁalcle. on G.bd
3) Fay= Fo) =0

AH>|«3 Rolle’s Theorem to F , the resute —f»l\o»os.

Question :

A vehicle is SFQed'mj on a hijhwa‘a 1f s Sreed 2> 120 km/hr (at Some moment )

|f the [eVS‘:}\ of +he lﬂ'{jhwma is 20 kwm and \f a driver onlvg srew(: 15 wminutes on
the h‘ﬂn»oaua. Should he be avvested ?

(s km)4

WO fF-~== == == =

BB the MVT, there edists +.e(o,025)

such dhat SloPe. cf‘ﬁr\e 'byssevrb at +tot, -3

S =120

: ie. nstantaneous SFeecl at t=t. = Do km/hr
o -to 0.5 > )
SIOPQE-O%:I}.O




6 AFFlicaEions of Mean Value Theorem

ExamFle 621

We know M (0. how dboxt lh 1 2

ln ?arbc.ular-f is_cortivuous an T, 011,

-f is d?ﬁerzwﬁab(e_ on (L)

(
090 & 5+ < In 1.1 <750

Theorem 6.2.1

lf FRoR 15 a dffecetiable and fhoso VxeR

then §c0 s a constant 'fw\c'tion..

'Fvbuf : Fix %eeR , let <eR\ xd

lf X>X. , note f is d:ﬁa«ﬂaue e/erz‘..-keve.
= § s continueus eveaphere

Aﬂﬂ(a MVT, 3 ceGm Such that

for-feo = o & = 0

o ‘oa asso\m'tf('zon,
i.e. -':Fex.)rfcc.) Y x> %

Exmele 622

| et ‘f@o = CoS™x + Sin
f’eo = =D oS Snx + DS cos x= O

Cos™x + Sinx 1S a constant.

lV\ 'Fm’b"lcular‘ . f(o)= [, So f@o = Cosi'x-t-sln"x =1\

Let fw:lnx ,-fbr- x>0 , which s a drﬁe-zwbqb\e_ ‘?Mbon

Prﬂ:lqa MVT, 3 cel, 1) Such that -fu.n--funféc.s =0

nta-tace L .0
‘v\Llsé-é
Note Hrat (<c<l.l=+é>- , So —}%<Lc<l CConrtrol cf -f')
treds £ et

Cmn ‘Parbcu\lar, on (o) )

Cin ‘Particzn!ar, on [xe=1 )

We have swmilar vesute “\f x<%e , the vesutt follo«.os.



Theorem 6.2.2
8 f,ﬁ-.k—ﬂt are. d?ﬁerey\'t?a\:le Fanctions such et Feo= g0 for all xR,
then feo=3(x>+c . where C i3 a constant.
Pmu)"= Let heo =f<=o-3bo.
Then heo - f’eo- ﬂ(—;o =0
S hed = C |, where C s a constart. e feo=3eo+c.

Next, we ove jolvﬁ 4o chiscuss  how dlﬁzvewha‘hon bel“:s o

flnd madimiam / minimam f|>o‘|wts 65 a fzmcbt‘ovx .
FIYSHS , we. maoke Some -FreFaru‘tiov\S :

63 lncrea.s‘mﬂ / :Decreasinj Functions

Def\n\'hon 6.3.1
Let T be an interval and let f=1—"[k be a.f»wchion such Hhat

oo s fo  (Foeo > S ) -forall A< Aq.
then fw is called an incma.sins (a decreas'mj) fwr\c‘tiov\-.‘-

‘-Rovﬁl«ln S‘Faal:}ns :

The [arjex X we lpit

Fodl oo
v / the lager 1y we getd

1 6 we have a s(:rictlg w\e%»alrba t s cdled a Sbﬁcﬁa ‘mcrtaasinﬁ (deerepsinj) fwc(:iov\.



Theorem 6.3.1

Let T be an interval and let f:l—ﬂk be a&w:ﬁmﬁon.

I:f f’wzoﬁ(f’eoso) :for- all xeI -then f is increasing (decrmsinﬂ) on T.

(elr ‘a=’€(1)

Slo‘F.e. = f(—:c) Zo = ‘V\C.YEDS\MS

T

]

[}

1

[}

[}

4 oy &
= I

tt lf we have shrict ine%mh'ba,'ﬂ'\e_n fco 1S S'b'icl:ha_ increas‘mg (decreasinﬁ) on (a.b) .
et
lf %€l with X<k ,Hen § s contimwous on Bx,,x.1

f is chﬁmwﬁaue. on G, %) .
P\'FFLama MVT <o f on Bt 21,

Jcelt %) Sudh that -fu.)--fm =4 Gt,-x) 2 0

\'/} v
(o) O
‘Ba ass»\m]sﬁov\
4
Exmrle 6.3.1 T — $eo = =53+ gox - 120
fc—:o = -5x + 8o - Do
nc / N dec
j’eo = -lox + 8o
f'(ao >0 f’(x) <o
-lox. + & >0

-lox. + 8o < © / 8 \
% <& « > &

f(-zo is S'fV\CHS Tvcreas‘\nj when %< & ond
f(-x) is S‘hcﬂs decveas\nj when %« >8 .

Net hard to  widerstand \Jn\:} :f(-x.) attaing  maimum  when =8

ord  makimum  valuwe = f(S) =200

Note. : f'(g)=0

Remark - \/er\fca the answer ba u\smj Cowtrleﬂnj square .




Question :

—_D_ﬁmw Lo <o Lor x>a
J J

anmFle 63> g

—_l_z:h_-ffz)_-% *#0
>x !

|
< / \ It
-J?(x\-_%

-?(I-ﬁ >0 Lor x<O
J J

v
A

-?(Iﬁd<n Lo x>0
J J

—_._-fm_lssbddha_mmceasmé_\.\(aam %<0

£ s <hdctu 1 w. >0
J ]

Hnu i . <




Examrle_ 633

et $oo<did
i) ‘3‘[‘ -fwulg
Rewvite. - ea f x>0
f(-x,) = O 'rf A=O
E lf A<O 77(_
= =) = 1
!f x>0, —f(eo-.f; . ‘then f(vc)- e >0
= J- =) = !
be xX<O, j?(ao-JTc_ . then ’f(x)- Y= <O
g -}(u) is S'hrict:h?I iv\cveas“mg when. x>0
-ji(-x) i S'l'v:d:ha decveas‘mg when. <o
However, fivn M im 5% _ fim L hich does NOT exist .
Ax~S Ax~>S O Ax~S  dox
= lim M{@_) does NST exist
AX->0

= ‘f’(o) does NST exist

but as we con see f still atfeing minimuwm  at <=0
Sol\l'\vﬁ —féo o +o fﬂd max [ min i NOT E.V\mﬁlr\

However ,

(IM f(z) llm X =0
'L"’O

i-l-:g' f@) "&v—;‘o =0
j(o)=o
Jie Foo s fi Foo s Foro

and  so f is continuous at x=o

Ba e :firs'b devivative. check , j(x) alfaing minimum at x=0

Pmsuersforbcﬂn%uesﬁionslamllmvwﬂdﬁve,

SQ,Mfs-&emtsﬁa&mnmEoffwdmﬁmet&ema?




6.4 Frst Derivative Check

Theorem 6.4.1 (Fist Derivative Check)

Let T be an open inberval and let aeT.

Let £:I>R be a function such that

0 j s continuous

2 feozo (feoso) For all xeT with x<a

B feoso (feo20) for all xeT with x>a
Then (&, @) is a relative maximum Cminimam) .

Note : We do NoT reiuire the dﬁa-mﬁaloili'ﬁa of f at x=a. but cmla Hre Covd:iv\u’rba c:sff at xsa.

Geometvical meomi»% X

e (o.,f(a.)) s a velabive maximum
(]
|
]
|
|
t
|
|
U

B e  d
I Q

Remember the sloﬁa.nr Clv\av\ﬁe of SBV\ Of fﬁ-&) at x=a

Pm:f:

Let xel and xea .
Note - f is_cortinuous on [x,a] and

f is diﬁerew(ﬁa};le. on (x,a)

acFFlca e MVT, there exists ce(x,a) Sudh that

f(n) -f(x) =f a-x) 20
i v

o o
B\a QSSMM‘FaOV\

feosfw.) for‘ al xel with %x<a

Similar(a_,\..)e. can also show -that fﬁosf@ for al xel with xsa
f&)sf&) for al xel , ie. (a,f&z)) is_a velative maximum .



ExamF(e, 6.4.1

(P\rove. that é&? l+C Cie. e’c-x—(20) fwr‘ all xeR.

Let j'%:o - x|

(Wart +o Find the glokal minimum cj’l feo and see F T s 20)
jf'cvo < -

Feo>o .f x>0 and  Few<o .-f x<o0

-f = S‘l'w‘c(:lg incre.asinj when x>0 and S‘l'vic(:lg decre.a.siv\3 when <o
(and -f s corttinueus  at x=0.)

f attains  minimum when <=0 ('&a Ist. devivative. check )
(In jeac(: , Slobal minivaum , wlma.? p)

/lé %:ex
-fcvo zf(o) VxeR  —— 6o
Y=
=e’-o-1
=0 —/ L @)
|
Note : The ealml?ba holds rﬂz ~=0 7 —x. >

Def\n‘rbon 6.4\

i3 $@ =0, then Ca,fca)) is said o be a Sba'bonava point .

However, a S‘('A'Eionana_ -Fonwé, s NoST necessary 4o be a relative extrema .

ExamPle 6.4
B feoux ,then Fooo3 %'p g~ fe
Note : 1) f'(o)a o

2) f@x)=3£'>o for‘ X #o

ie. No cl«avﬁe of s‘an. oJ‘-’ f’(x) at x=o0. ‘m'/, (o.0)

this ‘Po'lw(: i’ called

Note . a S(:a't'romwa 'Foivrt 18 NoT a saddle ’FOM-E
YLe.cessama_ “to be a max./min. ‘Foivrtf




ExamFle 6.43

lf f(x) = 1.3—31‘-‘?x+5
then f ) =3C-bx-F = 3GT-2-3) = D(-3)(=+1) max.

fl(vo>o "nf A>3 or A<-| GLio)

iY\C/’

-f'eo«, f -lex<3

M\em, min.
max.. % = fm
(-1,10)
fé D=0 ‘,f\
~ ’(3) =0
R,)
min.

6.5 Second Dervative Check

b%ln‘rhon 6.5.1

et T be an interval and let f=1—>'k be a :ﬁmeﬁov\
f i concave u? on I f ¥x . % el with <X, ., keo,1) , we have

-chLx. +U=),) o(-f(am + (t-eo-f(m

94 g=§eo
-?(ac,)-- c —f(x,)
cx-f(x)* (\-ek)'f(x,) TR q-f(x.n (1-«7-fcx,) 1 !
-f(okx.-i-u -AA)x,) A E
]
. |
-‘f(u.s-- A -gem-- . :
= E : E = > X
1 X bt tt=o) Xy
AIC.I'-C"B'= QU-R) R
es C B
:E_‘ Ax, + (=), 1;

AC-CB®R = (1-00) : A

Sim‘-larha_, f i’ concave down on T If Vo ., %€l with <X, , R€lo,) , we have

f(dx.-«-(l-ot)x;) > ok-fcxnu-eo-f(w



Letk T be an interval . f'(-x)>o for-ze'.l'. = féx) is S‘bdcﬂg mcreas-vS
Geometrical memirﬁ'-

) =-f(-x)

S\o‘y_ sﬁ the -&avﬂew\‘ ne at (1,-?@0) increases  as % increases D
(NisT -feo 1= lwcreas}v\a Y)

Theorem 6.5.1

Let T be an interval.

tf f’éoao (f@OsO) YxeI , then :fw s Concave up (down) on T.
procf

Suﬂ»se that %, % €T with <X, , olelo, ) , Hhen A < o+ U= Ka < X
Aﬂ’“&"‘% MVT o -f on Dx, ot + U-c0%T and Lot + U-od%a , Xad ,

F e, e (o, At +=-a7G) ond I e (ohx, + U=c)Xs , %) St

gﬁﬂﬁ + (l-o\)xz#)_‘ = -f'(c.) and Fow - Flot+ aradxey | Fco
(A + =07 - X, Ky = (B + -0

C, Ca

2 L vy L
y

N
\l "~ *®

P XA (=00 Ao

Note -Hran -f'boao on T, -f' s \v\creoslna on I and so -f'(c.) sf'(c;).

?(eﬂ},-&- U-)Xy) -ix,) < Feaxn) - Rt + C-c0%a)
(oA, + C-cd™) - X, Xy = (DA, + U= )

(Xa-%) -5(0(7(..4- U=IXa) € oLerx.\-f(x.H (\-db(l;-x&‘?(’xa)

'f(dx.-(—(h—&)%;) = ot-f(m»fu-eo-ftm



Theorem 6.5.2 (Second Derivative Check )
let T be an open inberval and let aeT.
f F:I-R be a fnction such that
D flarzo C(ie (a.f@) s a S‘ta’ﬁona% rFo“M-t.)
2 fw<o Glwse)
“then (a,f(a)) s a relative maximum  (minimom)
Idea - l-f (a.f@) s a S‘ta’honava -Faivrt, we have 4 possible cases :

© Min. B <|aoddle FoM&. B® [addle 'PoME. ® Max.
(q,-fm)
(a,-f(a))

rRoug‘ﬂlna_ sPea‘:'mg: -f<m<o = -f s Concave down around x=a
. Case © .., are vued ouk . and se 'f attairs  maximum _ at x:=a.

Given that  [im _'ﬁa);‘ﬁg}_._.f"(a>>o . and -f?ob=o
x-a

xXHa

’lt‘;'\d‘.Lll(-’g --f.(a)<o . So -f’(xko (=>-T is sbr-lctka dec.) rf % 18 slijkﬁ«g j«eakec- tran a .
K]>c>sl'!:.1ve~.

lim_ﬁa)_.-f"(a)<o , So -f'(ao>o (%f s S'br\ctha inc.) rY % 13 s|i3kt\ng swmaller Hran a .

XA y-a

Kv\eeiab?ve.

The vesutc -Ybl\ous \ona e -f\rsi: derivative clheck .

Caucb‘nov\. : |‘f f'fao=o , then NO conclusion !
Consider -fcvo A o

We. have féo)-:f”(o)a o in each case , bt (0.0) s
© min.. for the Ist cose.

. Saddle powt for the 2nd cose.

s _max. for the 23Jvd cose .



Exmrle. 6.5.1

f Feo = L3l -G s
then Foo = 3= 6x-F = 36C-2%-3) = BE-BGD
feoso F A>3 or xe-l
—f'(ao<o -f -lex<3
Joo - bx-C

je’(x)>o n)e <> | j?"(—l)=(2.<o

e

<o rsz x < | j“,”(%>=(2>0

] l 3
:f (&%) +ve [ -ve | t+ve
{ T
—fbo inc. dec nc
/" I
&0 -ve { +ve
'fbo Convex cancove.

Note : The curve cl«a.yjes fvom 'oe'ms convex +to concave at (1,6).
This Foivr(: s called a 'Po‘\wt o‘f 'wcflecb\on,.

be:flr\l'(:’lon £.5.1

Let T be an open inte~val and let aeT.
Let §£:I->R be a function such that

0 15 continuens

» $os>o (Foco) foral xel whh x<a
3 feo<o (e >o0) for all xeT with x>a

then m,fm) is sadd to be a -Fo'm-b uf inflection .
Remember the slosane C'/\avje cf SBV\ cf fzx) at w=a




ExAmFle. 6.5

-j’eo = 1258 - (052" +3%0¢ — 50+ + 3box - 120
Find the ange of % such that

W 'f’(x)>c> , 'f’(x) <o

@) j"'&»o , 'j"’éo<o

Step 1 : Find 'fe:o and Factovize 1t

'f 0

Lox*- 4205 + 1020 - 1030 + 360

6o *- '-[-73 + l=|--z_’— Fx+6 )
= 6o (- () (x-2)(x-3) CUs‘wxj factor “theorem )

{ 2 3

S’t‘eF 2

jives whervals  w<l, tex<d , dex<d, x>

Reason : those fa.d:ors may ckanse. s'ﬂn at the Ioowdo.r% Pu‘wEs of intervals .

S'teF 2 << =1 lex<2 x=2 Qcx<3 =3 x>
(x-0" + o + + + + +
x-2) - - - o) + +
(-3 - - - - - o +

.j.”@_) + o + o = o +
'ftx) nc Sqf\e. nc. mMax . dec . Min nc.
Saddle. '|>o‘.w(-. = (t-,P-z'.s) mox = (2 ,-16) wmin. = (3,-39)

Sm'.larla .

fll('ao = '114—01.3- (20 +204D% - (020

6o bx-1)@AxC - 1Fx +1F)
o (-0 [=- LB%‘EL)] [~ LB'?E-)]

U}
@) - o + o - o+
( 7= 35
8 8
~ (.6l A2.64

Jo AN\ /N \/



o iorm (Lo 88 e 71§
Fwﬁsofinflech CL-23) ,( S j’(§ ))

= (L6, =190 or (e4,-29.3)

y = f(z) = 122° — 1052" + 3402® — 5102° + 360z — 120

(2.00, -16.0)

(1.00, -23.0) (1.61,-19.1)

(2.64, -29.7)

(3.00, -39.0)

Exercise 6.5.1
Let -f(vo:‘tavx"x . Show Haat
@) 'f'(x) >0 VYxeR , So Hrere s no s‘:rrbiev\ana Potvvt (= no_ saddle -Foivrt)

15 -f has a Foin'b sf ivrflecb’«on at %x=o.

_n'\erzfcre. saddle point and Fowrb cf Mf\ecb’:ov\ are dﬁerewb cancefts.

m™
I
= —
=3
_________________ o -
s -1,
y=tan "
-4 -3 -2 -1 1 2 3 4
_________________ T R
T
y=—=
==
=T




Loy s —% x#-1
v X+
-F’ D) =
J +1)
-1 (
t }
() - NoT ~+ (@) —
deﬁwed
\V4
=0 dec NoT inc max dec
deﬁwa:!
max = (| '_l!;)
L%y 2x¢-2) -1 2
J G ] {
f'&o - NST - =
deﬁvxed
1]
24
%o ) ) \J




6.6 AsawaEsEes
.Def!n'reor\ 6.6.1

0 f J&V\d"fb‘) or ’l&na_f(x) =400 OF -,

then x=a is sad *o be a vertical asam‘ls'bs(z.
'}.)(f Jég\mf(x):L or ’lég\_“f(x)f-l_ . where LeR ,

“then S‘L s sad 4o be a hovizonkal asamrbs'te

(S ’tl«e% ave  NOT -the Same. .

2) lf (6=wnc+c is a S‘l’mijh't Such  that -l'—»"-‘m ‘f(x)-(m-z+c) =0 or 1'_2“« -f(vo-(wrx+c)= o,
+then the s*('ratjk!: line s sad o be an oloh%ue asawrls'bs(:e cf -jeo
Remork : n ‘Farﬁeulav-, rf- m=0, the asamishsﬁe 1s_horizovtal |
Ma
~the distance tends 4 ©

\é"f('&)/ 'f(vo-(mx-ec) S A —>+0

7 -

Exercise. 6.6.1

Prove. that

@ r} Yo s on obh%ue a.sawrlr(:s(:e of feo at +os

~then m=,l£'.;‘+» -'.’% and c=>l{v_v‘\+a-f(x)-wm ;
© f m 3 exsts (dewted by m) and m Feo-wox exists (densted by <

-then Yyewx S an obhgbue asav«rbsﬁe cf fw at +os .

@ Show +that f is NoT d-:g?emzaue_ at x=2.
Hivt : Show ~that J‘igo ff(l*b?;'f@ does NST ewist.




'x-’.—lx'l'). - %>
’ _ 2
(b) je(x) . (-1 rf

2

S S = P if %<2 and wx#|
(x-1)

Solve -f'(x)>0 and -f'(x)<o

Ans - -f'(x)>o when =« >2

-f'(x)<o when %<2 and x#1

wmin = (2, 0)

SR s it

(:D; ,)e %<2 ond w#l
Solve -:f'fx) >0 and j"'ix) <0
Ans : -f‘fx)>o when l<x<2

f&x)<0 when ~x>2 or x<l|

'Fo’wrl: cf ivffleﬂ.ﬁon = (2,0)

> vertical asawrr-(:o-tz : x=|

[iw fcao= i - 2Cx=2) _ _oo

x> xXS>(C K-
lim fcao e lim, - Zx=2) _ o0
x> (* x> (* -1

obliiue / hovizontal osamr'to'te. :
© For x22, $oo-xlx-2)

x-1
= | = |k xX-2 .
m-x[—‘)n-ﬂl-oo-f%--xl—l::\-oox-( =
C = |im :feo-mx= lim M-x: |‘m\ =X ..\
K->+ A>3+  HK-| A->+c0 HN-|

Sogex-t s an oblizua asamlsbshe.

Q@ For x<2 and w#1, -f(-x_:-l(";z)—

x-1

N 60 - i X2 o
mgxl—‘:l-\ocix_-~7c|—|)w-\oo S :

C = |‘w\ jeeo-vmu |im -l("—"')—+7.= |im X .

AK-d>-co AD>+c0 K- A>+co A-|

Sogexrl IS an o'oliiw_ asamFbsl:e

e) x- ivr('erce?'b- Solve f(x) =0
X |1-2| =0
-
A =0 or 2

9- intercept . j‘-’(o) - o.



f)  Sketch 16='f(1)-
S-(-eF [ draw asav«]s('b'tes

S‘teF ¢ ‘I>W‘: Jdown I-irrl'er'ceFl's

and ca-Mtercth
SteF"s-.
liw\ feo ‘_Ll_v’v\l -ﬂ’:;")—=-oo
llm =feo lm+-11l2 =+00

- A X-=
AN
<
AN
AN
AN
N
'\
A
AN
(0,0)
/
/’
/
7
/
v
/
/
’ | 2
foo - .
NoT NoT
4 defined defined
fw dec 2‘6 dec eﬁ ne.
. u 2y
fo - .
NoT NocT
{ de—ﬁ‘vxe.d defivied
'f&) Convex Concave covivex

1—>|+
“% x|= | ==
| /
N\ I ‘
| /
N\ : ~
| /
\ /
) G.0) x
V2R IR
g I N
/] | \
/ | N\
N\
x' .
| (a=—7\c+l



i A \wEevcei:'t sohe. 3?@0 .
U - Iere\me:FE (6\- ivv&emaft - -f(o)

sohe j?éo>o /-'féo<o

\ cs@ "@’(13’7
J J
SDI\LQ "J?(Zﬂ)o /J:ﬂ<o

(‘erncjg_af_slay\ ® Ry 2
)

-

e YN

Ao,

S . =
C = lim &w\ .

A+




g3 Taylor’s Theorem and L'Hprtal’s Rule

F.( ‘I‘al«aw 'Polanom:als

Let $0 be a Function with derivatives of all orders on an opan irterval I . ad ael.
Goal : Can we approximate fto avound the point x=a ba a 'Fo'tavmwﬁal P cf desree n

in a sense that -f(a)=.\(ab ?
'féa) = ,:(o,) 1 conditions
(n) n)
(Q) = “(Q>

ie. -f(-x) and R0 agre= wtth each otiher “p “o n-th devivative at x=Q.

Let P = Cot C(x-Q)+Colx=QY 4 4 Cnx-a)
= ich(x-a)k
k:o
Co, Cp, -, Con ave constants to be detewined .
w——a‘
N+t Cor\S‘EC\W(:s,
Remark : nst conditions , n+! constants = C's  are Cm«Flefel(a determined .

c)? -Y(ao and Pax) inttevseckt ab x=c .

Fw-'dnewv\ore,if -f(q) =P then tre %mFl's csf -Y and P, share the same 'b‘“"ﬁ”‘t
[ine at x=a .

ta, ’.PAU-) 'fbo

-f(ao = b F-----

-f(-:o ard P agree witth each other up 4o n-th devivathve at %:=-a s the

3@\@,«:1!2@80\4 cﬁ “dre dbove |, hc‘:zf\,\\ka ‘mcr'eosinﬂ n_ (the dearee cf Pae) will gve
betkecr CXFF\‘U'-(\MG'GQV\ c'f -?(z\ avumd A=Q .



To detevmine ajs :

Pt = Cot O (-Q) +Ca (x=QY -+ 4+ Cnlx =)

-f(m =Pae) -

' a n-1
Ped = [C+2C(x-Q) +2C;x-Q) +.--+1n.C, (x-Q)

-fia) = Paa) = | €

Y]
@
Co==7

- B =2.1C 422 Cylx-a) 4 (no)Cnlx-a)

@ = Prad «21c,

c,- Fa

2t

'ReFea‘bnS +the Fvucess , i Sene.ml ,we have ¢ - _f‘:T@

k: o, l,x,--- . L

:Dfin\’aon F11

Llet T be an open wtenal and ael.

Let f:l—ﬂR be. a:fw\c('}ovx Such that f’(a),f"ca.),.--,f"‘)(m exist .

’ ” )
Feo - fa + @(x-a) + -fg—?l(x-a);+ ot ﬁ;‘,—“—&-a)“

71 Fla (oo a)®
= ey x-a)

is called -the _ra\laov ‘FOlkaV\UMid‘ cf ovrder W 3enerar€ed l:«a f at x=Q.

In 'Pav’bic'.ular, «a;P‘(x) =j3(a)-\--fta)(1-a.) is -the '('nﬂﬂewt line cf ‘f(x) at x:zo.




ExaMP(e. F 1.1
Let feo e . ‘flncl the _raltaor 'Folancmials FP.\(x) 3enen=tﬁed laa f at «=0.
Nete : fd?ac)=eI and fd‘(’o)= { —fur k=0o.1,%,...,nn

Ewrf(o) =
'R(z)rf(o)-\-f%’-x s L4
'P(z)=-f(o)+ﬁ>-x+ﬂ)-£ =l+x+£:
R s -f(o)+Lx+%”°!’-£+ g?’x?:l-t-x X, %

In 'Fawbicular, «3=’P.(-=o= (+x s the -banae«t line. c§ —feo at x:=o.

n!

In 3e.v\eml P(x) -f(o) + 5(") 2L Ay +-‘m—<27-x"

- l+x+—|—=<‘+-..+%x"‘

ﬁa
ET



E«sz(e F 12
Let feo s Cosx fiml “the —ra\laor ‘Folaw:wﬁals PO Senem{ed l:.a f at «x=o.

NO'EE. : f&) = CoS X
f&) = =-COS ¢

(%)
f &)= CoS x

-f“&o = 1) cos x
£y ="

>
o RBa = B0 = 1- X+

f'bt.) =-Sinx
f‘"("&) =Sinx

5) R
f &) =-Sinx

%ﬁ
x
x _ ... ...(_()“_)!

41

25
2
15
/
) Py(x) Py(x)/ Py(x) Piy()
I ]
/
/ /_
05 / f(@) = cosx
0
-05 0 05 1 55 6 6.5
-0.5
-1
-15

a) Sinx
L) i

&) InU+x)

Exercise .11
Fnd the _ra‘la,or 'Folavxomials B0 Semnz'bacl lxa f at %<0 lf -f(v.)-=



u ldea :
We. want +o aFmeimte f(b) l:a Rb) ., there s an evror tem E. b =f<b) -P.by
The ervor term tells us how 6°°d [ bad our aFFroximabion s

—l'\'\e.refbre.,we_neecl a clexr‘r\shov\ ‘f the eror term End .

-je/(z)
O ) R
J Enb) descr\‘rhon ?

4

P

£k
P.d

2 To,laov's Theorem

Theorem F2.1 (Talyor's Theorem )

B § and s first n derivatives §. . ., §" are continnous on “the closed Interval
between a and b, 7 is diffevertiable on the open Interval between a and b,
then there exists c between a and b such that

‘ “ N ") " e
Sy e F T b 0 a s T @ o O ™
' 21 L n+ ! -j?(go Peo

« B + Endo /

A
ie. Hie ervor can be described l:-a ' E“d:)_f"‘*&) ® a)V\-H

the eD-Hn derivative cf f (40!
$b

<

P

Remark : lf n=o.
Foy = S + Flertb-a)
= Pk + Eotb)
e s just Mean Value Theorem !
Therefore, Taylor’s theorem con ke rvjayded as o generdlization of the mean value “heorem.



proef -

ASS!AVVIQ L'>>a .
- - - o-Rds o
et Feo = foo -Rae o (x=a)

Check : F is continusus on [a,b]
Fis d lable on (ab)
Fta) = Fd = 0
P’FF‘E} TRolle’s  Theorem , I c, ea,b) such that Fep=o

Check : F'is continuous on [a,b]
Fis diﬁevewhaue on (a,b)
F’(a) = Fl(cl) =0
Aﬂﬂ-a TRolle’s  Theorem , 3 ¢, ela,c,) such that Fed =0
'RePea'bv\S +he Pvucess : 3 Cpay €0a. G such that F(“H)(Cm..) =0
(0 ) .
Note : F &0 = f G = (a+D)! (f-:)ﬁ

0 = F™%aud = $7 % - tae! flo-Bady

et (b-a)™
Cre) | _ﬁb Pd>
(n+0)! (b-a)™

)
S fd:) = ’Py\(b) + -%(b-a)ﬁl
e '

The ’Fv'oof -for He case a>b s Similar.



Examrle F2.1
AFvadma:te cos o.1

l_Et f@o =Ccos=xXx .,
FPS,(X) GCP)) - (-é—:+-}% —l'alcaor 'Fo(anowﬁa.ls ﬁ desr'ee 5 jenera{ed ba f at x=0.

Cos O.l = f(o.l) a Pgloa) = 0.995004 166 -

© ¢
'Bxa _ralaor's “Theovem -f<o.|) = Rlo) + jécl—) (o.1) ce(o,0.1)

E(Q) . )
Absclute Ervor = IEs(o.l)l = 6?) (o.1) ‘ Note : f«’(,.) = - Cos %
s -é—!(o.l)e ~ l.38,<|o'q = |f(‘)(¢>| <

Ve“& small . Seb rid of e !

EmmFle F22
Let j?eo -

1=

Su’r‘rose Reo s —ralaov— P"la"‘w"i"‘l ef order n Sener‘a‘&.d lma f at O.

Then B6O = [+ X+ 44"

Note : f(o.|)=‘_%= AL

[}
P 1+01+0 440" = [.1L]---]
—

n
E,\(o.l)-f(o.l) - B s 3eﬂ:wﬂ closer and closer to O as n increases .
Good A‘F-rvoxima'ﬁiov\

1
f(;.) o
n V\'H_

Pae) = 14242+ #2320

E.@) =@ -F@ s NoT jeﬂ-mj closer and closer to ©O a8 w increases .
Bad A'Frve-x“\ma'[:icl/\




+3 Talaor's Series
g ldea :
For any Hixed b, Ex) becomes a Seﬁraev\ce of veal numbers .
B lim Enc) =0, that means the ervor s gething closer and closer 4o ©
as we increase the number of tems to approximate f(x).

However , rt s not a(waas +rue as we can see in es«amFle F202

Definction F3.1
let T be an open nterval . aceT and et f:I—»R be a:ﬁmcbovx.

Suﬂmse. “dnat j(“)(a) exists fnv- al neZ', Hen we deﬁne tre —ralalor' Series
Seneraﬁed loa j at «=a +to be

3 ) (o)
Ten = -f(o.) + f‘;" x-a) +-f%l(x-q)1+»--+<ﬁk%l(x-a)“+m =kﬂo é“l) x-a)

-l B

Exo.mFle F.3.1

Let fcx) -t

Then the —ralaor Series Se.nerate.d b‘a f at O is
Too = [+ %42+t 2ot =§_=&

Question : What is the relation bebcen f(x) and Teo 2

“Theorem F.3.1

et T be an nterval , let a be an inkerior 'Foivd; uf T, ad let f:I—ﬂR be aj%»\c(:iovx.
Suﬂm:se “nat j(“)(a) edsts fbr al neZ,
Pt is the 'Taalor 'Folanom'\ol c'f order wn Senerate.d lma f at x=a and Eato xf(x) -Rea .
l:f v!\_v’n“E..w = 0 for' all xeT , then we have
V!i:b“a f(x) "in = O

jco = v!i_v’nw'P“ﬁo = T
ie. -Jew = -f(p) +-f('a)(x-a) +-&1(1-a)1+»~~+&(x-a)k+-~- ) 2N (z-a)k for' all xeT

PY] k! k=0 k

|
ln this case, we say that, +the 'Tal\aor Sevies comev-ﬁes +o f@o j’w all xeT




<, x* el
f(i) =CosS X = |—>_—!+m—---+( I)W + E).V\-H(x)

1] a

"Pzn(i) =r.|>>.n+((1~) E}y\('X)
2
o= [Buea -] 5(,,33’?) 2| s% Note : [$ceo| = | cosccen] =
B'a Hheorem 2.4.4 . Y!gn %=O

B(a sanclwich “reorem , vl\i_v:\alEam-l("-)l o and 'r\ence. 'l\l_lt:\w° E.-m-u(’")' (S)

TR n L € ak
Cos X = | 1_!+m_...+(_')m+... —Zﬁk’! x 'fora" xeR

Frec(mﬂa used Tallaor Sevies :

O = o fgxalt 4l = A, bl <
(= n=o

2) L (et e e = 25 x| <\
(+x n=o

3) e*- l+x+—;ﬁt+---+%+---=§°% , VY x<R
U - - NI ) ke i
4) Sinx=x 3 40 (2v\+)'+ -Eo DT VY xR
A n L =) e
5) Cosx=|-F+%!-- AT, e S8 =“§-(—&:;'—, . VY xR
0 | < 2 < S 0 v
n (430 =X -3 0 Gt =2 n , -l<x gl



Examr(e 3233 (NoT 'Rtjomus)

‘ fla S £ n
SwFFose. feo=-f(a)+-f(a)(x-a)+ @ xea) +oe LD e +-
in an ivterval T and a lies in the ivterior tf 1.

94

|f we. kwow 'jpim=o and f(’m>o ) %z-j?(x)
“hen ’If X~ , 5 )
j?(x) ~ -fCa) + £ x-a) +-f%1(x-a)‘
- >
v )
o

locall«g, ke a "Faral:o(a. OFG.NV3 uF\oavclz
H Skjjes’(s w\/\a fbo atlains mivimum abt x=a.

How aboxt f'fa)=o"?

T4 Ha.niFu\Ia:Eion c-f Ta3|or Series
Wirthout caﬂvﬁ the czmeraev\ce . we  have

Bample F.4.1
1) (Addrkion)
Ccosx +Slnx = (I-zl:+%:---.)+('x-§+§—---)= l+1--',;_‘—:-’—3";+---
2) (Substraction)
cosx -Sinx = (l-zl:+%t----)-(x-§+§----)= l—1-§+§+---
2) (Rroduct)
cosx sinx = ( |-§+%‘;_... )(1-;_4?...75_5_..‘)
ST S P G PSP 1S DY T S S [ - P
= x -%? +%T -
'%? +1§! B
+ £ -




4) (Cochs?Eion)

SN
e

5 25 2 3
= l-(-('x-—-c-?- )+—- (1-—-1-?--.-) +_3[T(""%+%
= l+1+-'}+---
5) Cbiﬁe\rev\'(ﬁaﬁon)
<, E_ .. e
Sin % = x-—+§ +( D( +),+
dsing e d(x-2. X .. < L
. Sinx di(x Tt E e X Q.v\ )‘ )
4
Cos X = |-i+%---+(()%+
6) (|v\":esmﬁiovx)
Sin % = x-— i- -
Ss«nxcl-x. S‘x +—-~-e|x
_ _ 'x‘ z"
CosS X = ( Z +T )'(‘C
P‘”&Mﬂ x=0,
-l=C
4 (3
3 -Cosx:-l+§—%+—’&—m
3) (Division )
[t §$—§=ac+a.x+a,_x’+---
Sin® = Cosx (BotaX+aX+-:-)
x-— 35---- =(l-§+%- D (Gotax+a X +---)
4
= Qo -%1 +%!-x -
ax -2 + G’ -
o -Gt + @2t -
ag -%xs +%x:'
ComFare co{ificleyfhs cf =" 'for‘ Y=o,1,2,3, -
Qo= 0O
a, = | S Qoz0, Qi=l , 2220, Ga=% ,
_&e-}a;go _Si“x- 3 e
oW +tan % = = S WS
-%*as ='%|'



35 Indeterminate Form 2 and L hapital’s Rule
Exav«rle_ F5.1 (NsT "Riﬂov-ou\s)

‘ w2t
Sinx . 5!
x =
AR
x
= l__...gl._...

“+tevyms involves =

K S«megts llw\ Sihx _ | (How do we know lim l-l+i-~~‘ 2

x> X e Y 1] =0

—n\ere are “lnﬁn’r&e.lca Vnama_"ﬁﬁvws P. )

n Sewal ’ fﬁ“) = -fca) + -fl(a)(x-o.) +-f£+"(x-a)‘ 4.

360 = ﬂ(a) + 3'(a)(x-a) -*3.%‘.‘l(x-a)z +oe

S«Aﬂ)ose f@ =j(¢0 =0 anrd -ffao . 6'(0.) #0

’ V3
fex-a) I ar

Iim feo = lim

Ava R x>a

3’02) x-a) + g%l(x-of 4o

‘fl(a)+‘Eerms olves G-a) il

’im
x>

ﬂl(a)+"berms wolves G-a) 61@

The -'fbma[ Stoctemerct + L 'n3]>’r€a| ‘s Rue

Consider [Im 3® and Suppose ’Li:'vx‘m féx) and !ginn 3(1) exist .

'im f(x)
Case. | : lim g0 0, then lim Foo | 280 I
vat-mﬂ x»a 4 lim ﬂ(’o
x>
Case 2.: |f _hraﬂcx)=o ond _’lginafm +0 , then Jl_v:\qﬂw does NOT exist. (eg lm

AR
2

ea ,lm—:llm’x.ao,
x>0 X x>0

2

J&%*'W*“

’l{w\ L does V\db exusé.

Ao X.

We call T indeterminate -forw\ 2.

Case 3 - lf |im L geo = |im f(-:o =0 , then we do NST know whether lim Fo  enst 2



Theorem 3.5.1 (L'haprtal’s Rule)

SuFFose +hat -;lfi“a Feo> = .,ljj,"\aﬂw’ o, I 18 an open nbeval Cort‘(‘niniuj a
favd 3 are diﬁeveﬁ(:ia\:le on In{a}l, and 3’(vc>¢o on In{a} .

54 i‘.',’; Fo exists ., then

m F0 - i T

A>a 3(70 ASa 3(70

(erbhennore, tf f(x) and 3’&1) are. covrtinuous ot a and ﬂ'(ao 40,
then liM 'féxb=jel'a) and |iM 3éx)=3('a)

x2Qa xX>2a

|imi§31- llm_ﬁ@_ _'L

T x>a 3(70 X->a 3(—;0 3@:&)

E(amFle F.5.2
Sin % O —

J‘_'-’.’; SEx 2) &)
= lim COS%  __xx) [ogic : limit k%) exsts = limrt ) exists
x>0 { \3
_ ot
—
= |
ExamFle 353

lim (- cosx <)

b & 1Y
- Sinz O

Ji—:no 2% (o)
. lim cosx

A0
=

pl

ExamFle I.5.4 (Non-wm?le.)
Clear‘ua lim 2x+3 does NST exist.

x> AL-|
However , Some mma wisuse |’ HoFHcal's e .

A+
limg 2X+S
x> A~

= lim % ¥ Sice e above limrk s NST in -the indeterminate. forw\

AN

=2



E@mF(e I.5.4 (L'HoF\'qu’s rule —faﬂs)

2 —L)

i 22SInED) - cosel) ond tis [mrt does nst exist.
A0 CosS

k3
L
However,  lim %‘—(1)— : fim XS
Ao N X Ao (3;1)

i xsing)

lm S
Ado

=2 2 O

1.6 Ideterminate. Form 2 | .0, c0-0

- L'hépital’'s Rule can also be apphed 4o 22

I |n6|>‘r(:al ‘s Rule can also be aFFliecI +o lefh hand limrt. o rijlrd-_ hard  limrt
lion, €0 - i, T lion T - [in Fe0

7 ’ 0

A>at 3(—;0 *->at 3(70 A 3(-;0 A>a” ﬂeo

L |r\6'l>'rta.l ‘s Rule can also be aﬂbhe_el o limts ok ivvﬁn’rl:ies
lim—ﬁ’—‘)—= limﬂ& , Iim—ﬁz}—= |im—ﬁ1?-

A>+on 3(70 X3+00 3’(—;0 x-c 3(1_) A>-c0 3'(70

ExamFle F.6.1

(- Sec % gy
o Tk
= |im—Secx{anx
= liw\_ Sin %
':t—»'%
=
E)@mFle F.6.2
lim o (£2)
K->+ 2R =
4
= lim —"IL
>+ :E
= lim =+
A+ o




Indeterminate. Form 0.0
[dea Covwerb‘na *to 2 or &

BmmFle 3.6.3

[im 1siv\-'; (00.0) AHernative methed :

A 40
convert i T .
SM-"(_ l s llv\_‘_w X Sin = (00-.0)
= lim —— o L
Ao ) sk o Let =L
= (o]
. ; oot As x>+ , h->o'

= Iim e 3

I I = |

lim+ = lax (00-0)
<0
,], Cov-zrev-t
= lim In i
RS d_'vl?._ (&)
=
= Iim+ ‘7' Y
Y _
x>t by
= (im+ 2=
+>0
= O
m , & lnw = lm, —P<— @) 2
ot 2*1>0 (l_)
nxX

Remark - (.)lma dont we 'Er(é )

Indeterminate Form o0 -0

Idea : Covwerﬁna +to 2 or &
ExamF(e +.6.5

i !

Jm i) (000

= [-,M X - Sinx ) ‘26°".(:_':rt

~+-»o XSinx ©
EX: .

=0




3.3 Indeterminake. Form 1, O , o
Indeterminate.  Form loo o, &°

1

dea : Tal:inj . cvaerEina to 2 or

Exanple F.3.1
W‘Fe —t_ o
Find Jiur:+ < '™ L)
i \
LE'E % = A -
|
by e %
Ayl gl ez @
G )
[n (’(Ll_n’/\ﬁ«a,) JLWIL, %
= -
.
(n((l_n)nﬁx "l )= -1
liM x‘Tx = e-l
x>
EamF‘e F.F2
Find iiw\ <* (oo )
>+ 00
et Y= x%
%) Y= l"_‘;‘
dn g e loe loa g
. =)
[n (hMm'ﬁ) - Jlna_"“-_
lv\ ( |iw\ < ) =0
A->+00 n
lim %= = e° = |
A-d+co
Exercise  F.F.1

A+ x

88

Show that  lm G+t ze b‘a L'Ho‘>i'bal's rule .



g8 lndefnr&e. ‘vvﬁe'ﬂra('jon

&1 Antiderivatives
:Defnl'l:bn &1.1

A fwndﬁon Fo is sad to be an antidevivative Of f(-x) if FI(‘?O = 'f(ﬂ:).

The Pprocess uf :‘ftv\divﬁ atidevivatives is  colled ‘mdefiv\'r(:e_ M’te\ﬁraaovx.

Exaw\rle. 8.1.1
lf f(—,0=-).‘x_ , Feo =% .

then we have Féx) =jee=0 , SO Feo s an antiderivative of f(-n.
However . consider F&o0 = x*+C , wheve C 18 a constant .
Then , we still have Feo =—j’eo .

_n/\e.refore ., avrtidevivative of a Tmcﬁiom feo is NoT un'ﬁue..
That 1s uolma we call “an” antidevivative instead of “the” antidevivative .

Natival question l-f Fay and Qo are antidevivatives cf feo ,

what s the velation between -them

Answer : Feo and Geo Fffer by a constant.

‘th)of + Suppese Feo - G = Feo

Let Heo = Feo - Geo

Then Heo = Feo - Geo =0

" Heo is a constant ‘func‘bion, ie. Heo=C
ie. Foo=Geo+C

(’Refer 4o “theorem 6.2.2)

or some  constant C .

_rka-e:fom . antidevivative cf a -fwnc(‘ion j?éx) s NoT wﬁé‘ue_ ,
bat 1t 1 W\i?ue. up —+to a constant.




Examrle &1.2

lf -:f(x)=')nc. , Feo =2

then we have F&o =f(x) , so Feo=x" s an antiderivative cf fm =2x
and all antidevivatives cf feo must be cj? +the j‘-’wm > +C.

Geo =+ C ,%' Y Feo= Geo =2x
~ Same <lope

/
veytical
T “‘ravslation

7 % > % >
fw any x /
lf Feo is an artiderivative of -f(-:o , we. wwite

ivvte%mnd
l

_('f(x) e = Feo+C

/N

ivﬂ:esral S%ml:ol Vaviable cf iwteﬂration

Exaw\rle 8.1.2

j,lxcl':r. =xX+C

Note : When we wvite f-feodx_ = Feo+C, tt shoud be \regamled as a class dj f\mc(-)ons.
Furthermore , é‘_’-_f—fwdx=ad;(Fw+c)=-fw no matter what C 1s.



8.2 Rules cf lvdejinrke. lv\‘(:eara:ﬁioa

Theorem 8.2.1
() fkd’:&:‘tx.+c,fora constornt k.
2) Si\dx.- LMy c, fb!‘ all_ n#-1.

N1

3) fdde = Inki+C

4) f&de < 1

5) Jcosadn = sinz+ C
6) j,SiV\xdx =a-cosx + C
D e - tadxa C
pross

'Deﬁva(:ive.oj'kl-ls=| rand on LHS

Theovem 822

DS kPeodc = kffeock

2) j'feotﬂeodx= $feock « Sﬂ(vodx_

Remark: We are presing +two classes cf Functions _are the same.
prog

D gams - ﬁ';(j'k—fmdx) = kfeo

S sy s (k[ fadad - kg [foode - koo

(B.a “theovem 6.2.2) (HS2RHS +C
SiFoode = kffoode  (The constast C 1 dropped since we are comparing
+tuo  classes cf —fmcams.)
2 Swilacky the vestt folos by Fo([ feogeock) = £ (Feode 2 [geod) « feo2ge0.

Examl:(e. 8.1
[zt eqm e sae {abx—means o

~

=1Ixs&z-3fx‘dx+?fxdl+sjdx D J still there |,

No need 4o add +c !

3
() -3(F) +3(F)+5x+C
6 2

2
L -+ I -sxrc



Exawrrle 822
[2:5
= j x-S cx

3
= %-Slnlxl+c

Boo.vwrle 823

Find a -fuwcﬁon Feo such that F) =3 and Feo = 2x .
sz) =2

Feo= [amd

=%+ C

F@=0+C=3 = C=3

coFeo =43
Feo = +3 19 rY
Feo =2x
the 3mFL\ passes
“H/\Voujl'\ (0.).
> 2 > >

&3 |vrkﬂwm'b’«on \oa Substrtution
Question - J(2x+l)‘° dx =2

Hard +to M’tejva'te L)!é e<l>and‘w\j the ‘Fo(anow\ia.l .
Soluction + lntegaztion by Substrtution




Theorem &.3.1
ff(u('x)) wedx = J\'f(mdu. OR : j‘-fbofl:“dx = j‘-f(o\\clu
prsf :
ﬁ}_ \.( f("\bt)) uweddx = 'f(u(x)) NG

éd;. J‘-f(md‘* = £Z j"f“’“du : gﬁ CChain Rule)
= -f(u(-:o) gﬁ

£Z I f(m(x)) wedd=< = gz J"f(mdu

f-f(uw) wbadx = f—fmda

Exa.mr[e_ &32.1
[oea)” dx -2

Let wGo=dx+1 we) =2

‘f(u) = u® ‘f(ueo) = Gx )

[xae)® des A [ee)® 2 e o [ W® du
f ) {
'f(o\ (C'S)) ueo ":f w

R . '
= 53w + C -D_('.lx-t-l)-n-c

But |, usuxa“.a we wvite ,

I(2x+l)l° che Let we=xar
(-4
=J M%d% %:1
= '—‘ﬁU\“"‘C dX:L,ld\A
=
22

@x+1) '+ C Cealled dfferential Jorm . can be defined rizprously )



Exa.mr[e. 23

S e let wu=ax
J,e ' du g“;_=0~
=_E +C d1=+‘.d(&
acx.
=%e +C
Examr(e 8233
J61(4w£+3)q&x. Let w=4xC+3
[ o) < S - &x
=j 60&8de 'X-d’l=%elu.
6.t 8
=g 'R “u +3C
=—?;§—(4x+3)+C
q. b5
Some write \Y()‘x(4£+ 2) o dux+3) = 8xdx
=j 6(47:3'-«-3)* = xahx = £ d4ated)
=f 6(4£+3)='.-§-d<4£+s>
=%.8L(ux;5)8+c
—53—(4x+3)+C
Exa.w?[e. 8.4
I(ln_;’)'dx ., X>0
I-d%)-dx Lt w=lnx
[ e
=L3M3+C Lxd" d“‘
=L3(|n-z)3+c

Question : How 4o make a auess of uco 2

‘vr‘:ﬁmbon \:»8 Substrtution - If(m(x)) weddx = J‘f(h\du

Exay«Fle : Jqﬂ&)'dx f(lnx) = o Let wu=ln=

Realize. the ‘«vrteﬂmnd os a 'Fmeluc(: of -Far(s and  make a guess sf e
Such Huat  one ‘Far-(: can be vealized as a jew\c(u'on fcuo ,oncthey Far(-, s U




Exercise &8.3.1

D Show  that _ra.,l_,_bdx = 4% ln lax+bl+C Hiet - let u=axtb
2) Evaluate

a) J2e dx Hint : Let wex* Ans: fefec

b [ e Hick . Let uess  Ams 2633 4 c

lv\'('.ajm'(ﬁon v{f ETowban'm.l Functions :
Recall : Sel“ e =-,‘<—ek"+c

[n jeneral : J\a"dx =7 'for as>o

Recall x na* tnad)x
atl : A = &

=e OR : Recall that F-d'= dlna
J‘O\xdi =J'€-dna)x o <so ad_:—c—'% =a- . and j\d‘d'x. =-|-'%+C
R n‘a e((na)x .c
=
=—|-v—6::+ C

|v\'€%ﬂd‘hnn \f ijaﬁ‘ﬂnmic Functions -
J‘ lhxd=x = -for *x>0
Exercise. : ad{ zlnx - %

AnS : |V\‘7L !

_n'\ev'efare. . Ilnxd—x. = %z -x+C
Problem : How do we  know ad-z znx -x =

[n = in__advance
(Make a ﬂv«ess crjl artidevivative cf In < diwectlg)

Ama divect wag. +o 'flnd an_avtidevivative of n % 2 (Yes. later 2)

Examrle. &35 (Constant issue )
j‘('x+l)z ahx. let w=+r I(xﬂ)z ahx
= [ = che = [ eacr e
= -sl.-uz’-l-C. =—'313+7.=+1+C
= Js-(-x+03+C
seems to
= ﬂ|513+73+1+§'+c be diﬁerewt 4

Pis : This C s NOT +hat C 2




lvr(:e%mﬁon c\f Rational Functions -
Reational Functions : a %Mcs{:ien‘t cf two 'Folanow\ials

Reational Function —s (R(ao= i( 70 = 'Folénomna(s

S‘lmFlesE case. : clej o=l le. %-n=ax+b where a#0.

Recall: A=b-4ac
We. fﬂﬂ\e\r consider 3 sulbcoses :

(i A>0 (i) A=0o (Gi) A<O

(x)
(B o=
(IS
Ba lovﬁ hvision , ']b(x‘) = (ax+ b u+R ax+b )'F(x)
& . R =
oﬁ W) MR R
Then “rax+b T ‘(uw +a +b
We know low o iw(:Eije ?
Exay«r‘e. 26 s
j’ L+3x+5 o YA IP4+23x+5
'x+| X+ XL
= | x+2+ o 2x+5
J‘ ""“ 23
=—’§+Ix+slnlx«-||+c 3
W43+ 5 = ot D) +3
Exercise : Evaluate jéx 22t L o o % - x 3
: 3%-2 1 = A+ + X+
Ans : ’f-% +—q- [n I?nc-'ll +C
Next case. dej geo=2 e %co=ai‘+bx+c where a#o0.
rX+S
|§‘ AQS'F(XD>1 bla_ IOVS d(VlSlDY\ ‘Yax-l-bx-fc d'x =5Mm+mdﬁc
[ o
‘Po(aﬂomﬁa( o +bx+c) 'F(x)
Just focu\s S' xS ;
az+bx+c rxX+S



i) As>a %70 = aCtbxtc = (mx4ndlmex+n,)

rxX+S ko 4 A . B
EXF T T T A Y I 3 PR P2 3 F

Then j&dx

axX+bx+c J‘ M M1'7c+ vy dx

We know lhow o 'MtESV'a'EQ?

Exawrrle_ 823

j' Sx-i
X-3%-3

) 5x-F - 5x-3
Note : T-3%~3 -G+ )

5x-% = b B
S“F]”se DAY KA

=2  5x-F = AG+D +Bx-3)
= A=2 ,B-3 .

53 42,2 )
X-2x-3 s = X3 e = 2lnlx-zl+2nlxstl £ C

ko
Exercise : Evaluate | 7oy &

Ans - Ls.( e | - [ l200-x|) +C = Tl;' ln doo-x

G) A=0, %(70 = axC+bx+c = (mx+n)

ExFrzss L"'S'Mto-ﬂmefbwn A , B

ax"+ b’x*’c (m.x_‘_ n)" woL+n :

Then j&d—x= A . B

axX+bx+C mx+n) mx+n

We know low +o 'M(:ejmtef

Examrle. 832.8

2%-1_ oy
(x-2)

S 2x-1 __ A | B
oSe ("X. _1)1 (1_1)1 -2

= 2%-1 = A+B(x-2)

= A= B=>
2%- | 3

2 _ =3
= dx = — + =2 e = —e [x-2|+C
Exercise : Evaluate j _LB‘JQT&"

Ans : 1;4 +IV\,2-:L-||+C



dX=0.&&

Examrle. 8329
Jx’+'}.lx+s ohe
= S md" CCmnP\e:Uvs s%acwe_)

let wewst
du=dx

_ {
jb\"+2’

-4 -t W
=g tan 4+ C

= . & |
=g tadt 2EL 4 C

Exa.mr(e g32.10

—Ax+t 4
X+ +6

| 20x+2) +3
-J' 42+ 5 e

=2j7&1¢1d1+3

N S
+2%+5 j X+3x+5 ke
=2 nGEe2xs5) +3(d 4o XE) 1 C

=2l e2xe8) + 2 4ai' 2t 4 C

lv"(‘ﬁ%mﬁon cf T\"'lsonomzb’ic Functions :
. \("tcm.xclx and _(\C.o-{: < cx

f'tanxclx
=f'§%¢h let w=cosx
. I-—&—du\ %=-Sihx
c=lnlul+C -du=sinx dx

=~lV\l<:osx| +C

= IV\ ISeC.‘x.l*'C

Note :

(i) A<o %70 = al+bx+c  cannst be factor‘lzed a3 a ‘chlu\ct oja ‘o linear facbor's

Cor leb  w+1=2t , what kaFPey\s?)

de2x+5) = Qx+2)dx

and  Ux+F = 2(Qx+2) +3



j‘cstxdx

CoS X .
P~ S let w=sin=

Ex: :

= |V\|sinx.| +C

- JSec > dx and \r cse w o .+ - subsbibdbion

't-&\:sh’b&b'\m
Lt 'E.='(:an%:
Idea : We can express all 'hriﬁov\ow\e'bric -fumcbions in_terms cf + .
= 2
NU&.?WX=&=L} and so cotx .-t
[-tatz |-% 2t
- BT
Sinx --l%(__—;- ad <o csex =13 '.B% "chbk. Ham.
cosx ==t Secx = '++': %
1+4> [-<€ l+-€.
>t
_n\erefbve ,_all ‘l'risonome‘bric 'funcﬂoms in_tevms cf + . [-€
Nc-be: +_='tan%
% : b sed X = L(1+t)
e - 2 _db

+£
ldea - J-f(siv\x, cosx) o=

Ly

S 5 2a
’Ra‘tiovxai ‘)ew\c‘t‘uons of +

Trw\sfwm'mj an ivd:ejml af 'Evfﬂonome:brlc j?wxc-bcn to an ivd:ejml af vational fmc'bov\

f cscx e

_j' +£ 2
= =

.f +dt
= Inltl+C
= bn|tanz| + C




j‘ Sec x o=

I+£ 2
== =+€
[
-t
| {
=S| I+-(-.+ - ot
s ltetl - -l + C
l+j—=|
=|"‘| e IS

A
2]

= h|tanx+secx | +C

Examrle &32.11

{
J. [+Cosx

. . 1
Remark: € - substtbcdon is Parbcu\lav- usetul 'fb\" SP\COS>L+BSMX+C,

Exercizse &.3.2

Bta 't-SU\bgerbA'UOV\, show that S'Sinxdx == 1}_ +C .
+tan"%-

However, we know J'Sde7L=-cosx+C.

What s -the velation between - —2__ and -cosx 2
+tan" %
- 1,_ -(-cos %) = -—2 =% . | hidh s a constant.

(+tan % < e




Exercise 832
Show Hazt
a) Jsian e = ——.‘F cospx +C
b) JCDSP‘JL dx = J.FSIV\F':: +C
. js‘m’Fx cos g% dx jsin'Fx sivxczx dx jc<>s’|>x Cos qx dx

Recall : siV\'Fx cos cix = %Esiv\ (F+cl)x+ SM(F'?)XJ

Cos P Cos g = —itas('Fw[)x + C‘DS(‘F-?)X]

Sivx'lax sin g = '_itms(]’“l)x -Cos (F'?)XJ

We knows how Mﬁesrod:e RHS !

Exa.wrr[e. 832.12
j Sin 5% cos3x o
=%Jﬂ Sin 8x + sin 2% dx

Py
=—._'1(—%5?1—95_L) +C
=_.Cﬁ;é&;_u+c

4
lin particular, cos®px =L (1+cos 2px)
Sin px. = L (1= cos 2px)
Exawrr(e_ 8213
J'C.os-x. cos™ 3z che
- f cosx [-L (1+cos 6x)] de
=L [cos x e+ [ cosx cos b o

=-.§_'IC°Sde+-}FJ,CDS?K+COSSde

--_Si i SinSx
_—$-l§1-+—$ﬂ,2—’:|g"‘-—+ o +C

Exercise :  Find J‘ Sinx sin 3¢ sin b d
L 2 U
Ans - coslon, cosdx -%g"—-c—"?r»ec



. J\ Sin"x cos"x o
Cose |: m is odd
A?F“a : sinxde = -decosx  and  sinx = [-cos™x

Examrle 8214

I Sin®x cos™x dx
=J' Sinx Sinx cosx o
= -f sinx cos x d cosx
- -S (1-cos™x) cosx deosx

=J - coSx +costx dcosx

Case 2: n is odd

Similar to cose |

A"F“a . cosxdx edsinx  and  costx = I-Sin®x
Examrle. 832.15
[ sivtx cos®x dx

= \rgin"’z cos . cos x o

J' sintx (1-sin'e) dsin=
¢ Ex
smi_smix.fc_
5 3
Case 2: wm and n are even.

PrFF\.az Sin’x="c+’°'~ , cos™x = GOS8 gy cosx =-LSin2x

pX PR
Examrle_ 2.6

j‘ Sin®x cost~ o
= \r(sinx cosx) cosr o
o fedsidae) (1Ce53% ) dy

= -é-fsin"zxdx +-§-J'sin’1x cos dx.dx — reduce +o case |

R Case 3 aﬂain

= ﬁ;f -cos 4x o + Jg-j' Sinax %dsin'hc

- Sg e SR e



. J{avx'"x sec™ dx.
Case |: m is odd

P.Wha: tonxsecx dx=dsecx and “tonx = [-sec’™x

Examrle_ 2.7

I +tanx sectx o

=\f tan*x tanx sec’x secx ox
=f “+anx secx dsecx

< § (sex -1 seP < dsecx.

=j sec®+ - secx dsecx

=Sﬁ,‘si-%+c

Cose 2: n is even

Similer +o cose |

PTF\xa . secx dx -dtanx and  sedx = l+tax
Examr[e. 83218

[ otz sec*x dx

= [ tantx secs sedx o

=J' tantx (1++ad) dtane
! Ex

= ﬁsh{..m;‘ih.kc

Case 3: m is even and n 15 odd
Usinj 'M'f23ra(:'|on 543 'Farﬁs , later 2

. \[‘ csc™x cot’™x o
S‘-milarlﬂ , OFFB cscx = —deotx
cscx cot x = -desex

a
|+ecct % = csc™

Exercise : Find
a) jcsc‘xcstq'xdx Ans:-igq—"-z‘:‘;ti-%-d-c
b) j'cscsxcul:sxdx -$§°q—"+°s°—s"+c

3 S




[irbegrxtion cf [vwational Functions :
. |v\+ejravd with @2 | dd+2 , la= (a>0)

W For dA@-2 , we let x=asin® -Tgcogt

@ For A+ , we let x=atan® - <O<F

@ For &A=& , we let x-asec® D<OLKT , 0L

Examrle. 8214

J‘f'lll-—_f s et ~=2sin®

=J, 8sir®e Jlco?® (2caze) dO dx= 2 cosOde
=J' 22 coS Osin O de
=j’ 2D cosO SO % =2Sin® = <inb = %
- [ 22 cofo (- cos’®) cos® = xfl-siie =] (- -2 'JT"-‘
=j’ D cos*O -2 cosOdcos® -T<0<T 5 cos® >0
=%5—1Cosse-%Cosse +C cose='u'?”3

Y 3T 2
N WELE) - NS

3
L ERU2Y «C

Note : l&2 s meJl-defnecl onlé when a-£ 20 ,that means -a<x<a .
Also we have -l1<sinO®=<( when -=s<6¢g
so -asasin®@sa , Yt is the veason wlna we let. x=asing.

Think : How cbout dd+ and A2-& 2

’

Exa.mrle. &.2.20
J—’J’i;"dx [et ~=2sec®

= J" qu;i:fee ~secO+tan®d de d1= ISQCG'EQV\G de

= -&j sin® d0
. i-‘f l-cos20 do

o o
= é—sinle-‘-q_ +C

—Ex

=e % + icos‘%+c




Exercise 833
Show that |, f:r o>o,
a) Llo?-x’f&z = lem + __;__a"-tay\"(_%f) +C

b) ijtfdx = L.}_xJ-ftd‘i.Jl-d'lnlx+J£ia?| +C

K4 Ivftejvu'bion lo‘a Parts
Recall : Let uco and veo be cl'-fferzvrﬁable 'f\mc&iovxs .
Product  vule - ad;_(u\v) = dx + v g;

ud—v‘a;(uv) - v%ﬁ

lwfejmte both sides with vespect to x
Judt de = [t de -y
Judt de muv-fudeax
OR fudv = uv~fvdu.

|Vd:23\ra'bion Lwa Parts jug;/—cdx =uv—jvg§dx

Examr[e 4.1

Jelaxdx = [Unn) 2 &
=_(‘(lnx)§;(§) o= (Now, u=ln=x \/=13>i )
<[ nxd X

1;—|n7. -j'%:- ddn=)
Flnz [ o

2

- Zlax-[ Lok

3

= -%ilnx— %t'- + C (Ver‘vf% +he answer 'o-.a d‘«ﬁ?erevruaﬁov\ ?)




Examrle— K42

2 e che Note - ie’% et
-=,rxdei e dy = de*
=-xex—j'e."dx Now, u=%x ,v=e&°

e -+ C

e (=-D+C

Remark : Why dont we iy the -fol\o-..ﬁva".
j’ xe“dx
: _r e’ xdx
- f & ()

What L\aﬂ».vs'?
Examrle. 843

e
= J‘x’de"

a K X a
= xe —fe dx
= fe"'-flxe"dx

Ex - Aﬂﬂ% ‘vﬂ:eﬁraﬂon bta 'Fa.r(:s asain?
Ans : €°G2ama2)+C

Question : How 4o make a Jre=s ueo and veo 2
Ietequation by Parts Judtae suv-[vdeax
Exaple + Jo laxcx = {(nx) 2 o
- P $2(F) o
Realize the ivrteamw:l os_a Product cf parts and make. a uess sf w0 and veo
Such Hhat one part. can be vealized as a jew\cr(:zon uGo . another part i A



anmr'_g, 4.4

J‘xsin's-x_clx

-_-J’ -x_cl(--is Cos3x)

=——L - |- ?:‘xdi_

=~é1g3511;%3M%x+(‘

‘flnxdx=? fﬂ\f x>0

[ lnoe dox = % e = [ lnx W= b

J

'7('\:\1 - r'x—'-elar_
J L9

< ln=e - ( o
J

= 7'\!\'1 - -l-C

na
cdx __x . _cC
Ina Ina Ina
x _+C C'-=S—  ust a constant ?
J




Example &4.5 (Teansformed 1to the eriginal |wﬁa3ml )
[ cosxcke= Jé" dsinx

= e sinx - J’simc de*
= e’sinx - J' Ssinx ot

e‘islwm- J' e~d (-cosx)

x .
€sinx - (- cosx - f— cosxde*)

Esinx - (- cosx - f- €cosx o)

) <
€'sint + € cosx - fgmxdx
L—N—_)

back-eovesebez

s N—PDOV\"{:. fbyﬁet 2

. x
. lje"Conqlx = é.xSMx+ e cosx +C

J‘e?‘c:os-x.dx = -ké*(s‘mx+e»sx) +C (c- -& c)

Exa.mrle 846
jsin(lnx) dx
= xsinln=x) - rx d sinllnx)

~ sin Unx) - \f cosln %) ahe

= sin Unx) - (xcosthnw) -Ixc‘ costinx) )

< sin Unx) - xcostin -J Sin(n=) o
jsin Un) dx = 5 X [SiV\('V\'L) + cos(ln x)] +C

Exercise &4.2
j\ sec x o
- secx (sedwdx
=j' secx dtanx
Ex
- sectonx - J sechrcke + § sec x e

S‘Se.c?xd'x; %[secx'(:anx +lnlsecx+tanx 11+ C

'Becmeffxl cf+/-

Think. - lnjev\eml, kou-bofind ffanmxsec“xdx fmisevev\.v\isodd 2

0



85 TReduction Formulae

(=) [dea : Obtain a fum,«la. +o reduce -the COW\]Dled'ha_ cf +he lr\{%myd.

Exanple 8.5.1
let T, - S Le*dx , wheve n 18 a novmeja:(:ive lwteser.

Prove that Tn=2'e*-nIn(, For nz1.
I, = ‘fxnexdx
= J\ < de*
= x"et- J’ex d=
= %" - J'V\exx“"dx

e nT,,

?15

Note . Io= e =+
We can o.FFha_ Has :fomu\la reFea(:lé wrtil we see T, :

Ix‘e"dx =TI, = & -31,

= -3 (Fe*-01,)

= 2 -3 (o2t (1))

= Bt -3 +3axe -2 (I,

= B -3 T 13 axe 2.6 4+ C

3 3 X 3 X
= - P+ Paxe -Pie* + C

3
[ Z N Pedet JeC

lin Seneral , ,ri‘e.*dx - [‘é’(—l)'r'P:.\-x"""e_’L J+c For nz 1.
The fwmdo. I € -nIny s called a reduction Formua.




BWF(e &52

et T.- J"tan“xdx , wheve n s a Y\onneﬂa:hve ivr&eser.
Show that TIn- -Rl_T'ﬁanW“x -Ths j%r- nz.
(A)\ma_ /How do we 3e(: +his 2

"% d tanx

I - [tarteche
e [ o™« ta < dx
= J a0 (sedxo1)
- J' o> se che - [Han"
- I " dtanx - Ty

= 'RI_T 'ﬁar\"-‘-x. - Im-}_

As we can see, the index n is decreased l:xa Y when the reduction fowmla is “ﬂ’hed ,
So we have two cases :

Case | : Startfvummeveniw&jer— = 2m

sl dan s = tan o e 40 Lt £ 0 ban x40 T, (end ot T.)
-1 -2 3
sl tan - s dan x ke ke L bt + e a4 e x +C (Tos [dx e x4 C)

am
I}m-ﬂ '—')_I‘“_'&AV\ b S IlWhl

i l_ am _ { aAm-2

-m-han % zm-::.'b““ *x + Lam-3
am AM=-2 ~ -

=2:M—-Ean x - lw:-). tan w4 1%%“1 + =0 '% e -0 T, (end at T,)
am am-2 Wy -

=)_'m—-l-.an X - 2":_2 +an % 4 - 4= ﬁ'ﬁﬂn"‘x + =D '% 2+ (-l)m lr\|secx| +C

(71, =J'(:o.nxd-x e Inlsecx|+C)




29 :Defmr(:e lvrheﬁm:tion
A.1 Riemann  Sum
Goal : Find  +the avea of +the \resiov\ wder -the curve 8=feo over on witerval Ta.bl.

lél\ la:f(-x)

//\/

| 1
: Prea :

S
rd

x

a b
Wart ! k)ekﬂwd\aﬁ‘ﬂr\earea?farecﬁarﬁle s
However, what is the area ‘:")2 a rejcbn with a curved bowndana'? (How +o defme?)

] |deo. :

AFmeimo:be. l:xa recﬁa.nﬁles [

A parkition of the interal Tabl i a firte set fxo. ol Such that
Q=X <X <Ay <Hn= b .

We denste  aAx == for k=2,

TThen , we dhoose Fo'wrbs, Cy CoriniiCo, colled partition points  so that

A SO s X :fmr keta,-n.

bef\nl'aon Q.1.1

[t f=[h.t>] —=R . The Riemamn sum is dﬁﬂned Bla ka:'.lf(cQAxk .
In 'Par'Eic»\lar, lj L= G, the sum s called the |sz Riemann sum ;

ij Cr=%e ,the sum is called the r-ﬂkb Riemann  stam .
Yo

}f&) For the k-th rectavﬁle :

_— 1 icc_").i(':
/] _ ke:akb x widdh < avea cf the k-Ah reckavﬂ(e




v




Theorem 9.1.1

(f f= Labl—=R is costinuous C(or 'Fiec:e\..\ise corttinuous ) ,

and AN = AX = l““;“ fov- (<=(.’J.,---,VL (even 'Fav"l:’rkion) . zk=a.+kax for |<=O.l,1,"',VL ’

+then no matter how ¢ are chosen, vl\if\m zf@k) ax is alma; +he. same
The area wunder f&x) over [abl is defmed +to be -this number ,

which 15 densted b«a_ S:fﬂd-x

(Rewmark - Nc‘l:lr\inj related o 'mde.fni'be iv\“:ESV‘a'Elcw\ So -far ()

lV\ 'Far'bcalar',
b n
Squod'x = '(ln“ kz‘: :f(zk_pr (take cp=x))
‘.l‘.':‘,,[f"@ +:f(z.)+~~-+ wlax
Ce Ji, 2L S e

b
quw&z=v[r_¢“éfugm (take c =)

.’([g\“[f(:t..)+f(z,)+ -~1-f(z,,)]Ax

Exawc(:\e. a2
Let fwnc. ,:for osxs!. (Take a=o0, b=
vl\i:)n“ é‘ ja(xk_,) AX = vl\i:’n“ él f(kﬁl—) —J\-
-l B kL L
= lim %(ﬂ k-1)
n30 N ka

J_ -
= vl\i-g\oo n [LS%)_]

=L
X

i B Fexd 2o i B S5
= liM é%—-—v(\—

N3N k=)
A
2 J\I_n;\“ Y\z (§| k)
drn
= vl\ii"a W [_(;\-_-H)_]

{

X

2
lnfxe,mmaonff%mxsme relainjm-ﬂr\eab

but the fw‘damen'hd “hecrem 05 aaleulus .

G

7

]

K Rl e Tar S N

L, Ai:%:—k s A= arkox =k )
YA 16=f(-:0:7r.
TR R B
7Y oo ex




9.2 Rules fbr Definrte. l«eeamson
Theorem 9.2..1
Let §.q:R-R be continuous C(or piecewise continuous ) Junctions . Swﬂ:ose. ashb .
O B mis a constant | mewdx ol Foock
fwtjanh ~ffw$cijﬁwéx

jz-feodx o
w { L Feode s 5 afeode  (rewerse diection)
5) J Foock - I fmdx+j foode  or any caR (subdision)

dea a-f ‘ch-f

D) qu(x)clx —Jlm mf(ck)&(_ w\(llm i’.f(ck)&(.) Mj’ 'f(x)dx

2) j:-feo :tﬁeoa“ .l‘.':‘,,é[f“’h’i%‘@] . Jgn“(éf(@at é&l%cck)a) a f:-feodx :tf:seodx
3) j‘:'f(vodx = Prea uf a lne Segmewtno

0 [ foode o fu B fedie - g B 50 0 1 B feo Em o[ oo o

5) ¥ ascsh,

o o [ ot JL oot [ o




Theorem 9.2.2

lf -f=[a,k]—>‘[k s a continuous -flmd:ion such that -f(-x.)ao fw al xelab],

then y:-j%odx 20.

ldeo. Of ‘Fv'bvf
j:fbodx s Jl_n’n“é;‘fmlsx =Jl_r:\“§f(c,) b—;\q— > o
\i VI
(o] o
Covo"ava q.2.1
l'f f j :La,b1 >R are cortinuous -f\mctions such
+hen tf(x)dx > jﬁﬁwdx .
'PYocf H
f(x) g =0 -fuv al xelab]

Covonqva Q.22

:Ta, bl —R oreki <tion , +the
lff A s ac l>V\wws-j-’\m ion n

[, feock | S ool
b b b

Cie. = o foolde s [ foode = o [foold )
’P\fbcf s
Note . - [feol = s [feol all xela.b

S.b -feo -fjr -fw ij ~ela,bl

- alfwldxs o Jeod < Salfwleh

)
Y =-f<x)

b *

that. f(x)zﬁw j‘-’ov al xelab],




Covu"ava 923
If —f'-ta,b]—ﬂk 1s_a cortinuous -f\mctton such that

/
m sfa)s M fw al velabl, where m, MeR , +then lar-f(x)
o o v L\
mb-a) = Jff(-x)d-x £ M(b-a) -

‘PYOCT?‘- a b
m s-fcx) <M j‘-’w al xelab]

Las

= J:mdxsjrfwdxsjrﬂdx 9

= mb-a) < f:fwdx < M(b-a) a b a b a b
Theorem 2.2 (Mean Vake Theorem fw M&S\'als)

Let f=[a,b]—>R be a continuous fmc‘:jov\.
b
Then ,there exists celab] such that J, $oodx - fortb-a)

f(c) =

a ¢ b o~ b-a a b

Ej

A

presf
Since j2 1s continuous on [a bl . E\a the  Maximum - Minimum Theorem (theorem 4.5.1),
Hhere exist . %y € Ta.bl such Haat f(x..a sfbo sf(xﬁ) jzov- al xela,bl

Ba_ corb“an& 92.3, Y
f(?twb(b-a.) < ,f:f(vt)dx < f(xﬁ)(l:—a) fw)l
£ fode
o fe0
b-
g Lo g :

'B(a the intermediate vaue theovem (Hheorem 4.4.1)
there exists ¢ that lies between % and %y such that

g, Jafiode
b-a

b
.L fwdx = f(c)(b-o.)




A3 Fundamental Theorem cj? Caleulus

Reeparation : .t
Let $t) .£eR , be a continuous func{:-.m. %=:§(+.)
O IZ fte)c}(-, 15 well defined For all xR
2) What s a Runction 2 d
'Ro.,ﬁhla Srealcms, bpuct ., ovtkrwé Y- — —— >t
Now , we deffvse 0 1
Feo - p-:rea uder the curve Y-Fo over bxex] Sixed mouable
- L Feordt
What s the relation bebuween Foo and -f(-,u 2
e 2.3.(
E;:‘Fl—f&ht . XezO . d g Jeot
Feo= j: Fodt
= Area af +he shaded 'brianjle - L Q
Note : We have Floxfes. S ~  _*
Swr?wisivxglt&. Foo & an antidedivertive cf -feo 1
How oot i ancther peint Zes 1 <7 g Jeo-¢
G = f Fodt
- Brea f the dhoded Taapeziom ST ST S \\\\ \
Note : We have Geo=Ffeo. t x €

x X
Foo - Geo = [ Feoade - [ Podt « [fodt which is a constart
(=L which & the area o'f a 'tr-iawﬂ(e.)
e, Foo= Qoo+ constant.

_l'\'\erszre , l‘f we have F'(ao-fu), ks natural 4o have G'(xh'fbo.

H s"’ﬂﬂegts that \-f Ft:o=_$i—§(—e)d£ , then F'(ao=-feo ie. Foo & an antidediuative cf -feo.

Also , d‘rﬁa"awb dhoices o‘f *o will give d«rﬁa—e_w‘c antiderivatives of -f(z) , but -(:\vvena_ Just d¢ﬁ€r

b\aacovstavd:.




Theorem 94.2.1 (Fundamertal Theorem of Caleulus)

Let f ‘RoR be a cortinnons fw\cbion and let x. eR .
Swrrose Feo s xa. fwnc&iovx cleﬁwed l:a
Feo = Lj‘wd& ,

then Feo s a &nﬁevewtiqble_ -j?w\cbton and Feo =-j’eo.
(ie. Feo 1s an antidevivative cf fco D)

I-f we know how +o Cowrructe an  artidevivative  Feo crf -f(uu ,then Fy= B+ C .

Divect conseguence :

b a

[ o [ (oo
[ode [ god
* FHo - Rad

: (B + Q) -(By+C)
= o - B -fm- any antiderivative  Foo af fb.)

That  wmeans lf we know how +o Qom‘FtA‘(‘e an  antidevivative oo cf fw ,
“hen we can comr\xte. “he mwder’ﬁm&g\—o?\/\ of -f(:.) over [1,bl.

5<am1>le. 332

Let f&)=‘x+l

%=:f<=o=x+u
1 4y L
Antidevivative cf feo = jx+ldx = Z+x+C /4
Choose C-=0, let Fen =%;+x /:
2 { f—
Area of the shaded veqjon J B de = Faa-Fo // =| g
= 4-32
- 5
=2
What we wyite :
-5 N >
J‘,fbodx =[%+x].
= (%11'2)—(—';1-') = 4—-% = %

F Fao




Emele_ q33

Let 'fﬁo =

EMLmF‘e. ?325

Find ‘ili—lldx

Exercise

3
*Y(x"d'*'['%—"—]?= 2

j‘zi-l &-[%-X]i:%

FRQCGH H Ue Con Wrte

=3
= 1"'1:

[£],

3

= () - ¢(

w

w|-

3
O
3

Avea cf the shaded resiovx = J:, fwdx

)

E)T‘"‘Fle 224 (NoT a.\:ea. but sianed avea. )
Li-l e o [Zox] = -L

9= Foo
G4
~~
-~
N l >~
=x—|
4
S
S

- P (Cancellation )

i

lex-ll dx =j‘_;|x-|l o + flx-l\ dx

'-'j‘_‘l-(x-l)dx_ + ﬁ’-’(-ldi.




Eww?le. %36

Find £ # _ i
- So A . b Feo- SD & e , c) Feo= L & e
Q) g;'f_ e ('D‘nrec:tl% 'fwws the Fundamental Theovem cf Caleulus , f(x): 5%

LoFE b S $ (Chain )

cos X
= e - A
= S e-COS‘X.
cost d ™ cost
<) S dt -3 S.o e e
B ST el adde

E.><aw1>\e. Q3.3

Find nhm %+%+%:+...+A- lim 22K
-

W n>30 ke N

. tevms
Note: As n—soo, t is an inflv\rl:e Sum |, Le. Summinj 'lvtfln'rﬁe(g_ maniy tevws .
A\Se.\om[uc vule does NoST wovk 22

We camnst say - liML lim ig. lm ¥ < o
a NS> N N e Tne
ol e B
”nlL'!.: ettt =

= (deo.
'Reﬂa.rd +the ivrflv\i-(:e. sum as the lej-(: or rﬂkh Riemanwn Sum ‘f Some. fmcbovx )
So the Mfin‘r‘:e. Sum_is Jus(: -the area wnder Haat :ﬁmctiov\ over an nterval .

fogoose

Ji B fewax (L)

Recall : area  under fw over [a.bl

Jim, 2 $ex) ax (Rigr€)

where ax = B;v\a. , Ky =athkax




In this case, take a-=0. b= %-j'-’w-z‘
(IM Z'_\'.-k; =llM ik.‘-L I
NS00 k= N° NS® =t " N — ’

S~

o Foo e .
[} - > > X
= L * dx _VL" n % -
L [R1, Rightt. Riemann_Sum

E<a.m1:le_ Q3.8

\ n i
Find lim —'(e/"+e%‘+e%+---+e") = |im i e%‘
n->o00 (4™ n->c0 N j=
|. . n R n
im LZe® . lin Feh. L
n-soso RN I=l 149
1
(’ =<
= e
Jo
Fe*1
( °
e N
= -
Exa_mFlg q.3.10
n-\
Find  lm &N n N N
n-soe N w1 nw+2" W+ -1 n>00 ko Nk~

n-i

n-i
lim 22 ;":.=hm7'\#-—l—
NS00 kzo N'+ n->00 k=0 H.(_VE\)‘ w

-1,

R
med“

= [ton'x 1‘_

(1}
~




fProdf vj the. Fundamerttal Theorem of Calaulns :

Claim : lf Feo = J:'fd-.)d-l: o lim F("—“Aziﬁ—

o =f(x.) 1L, Fé:O =f7n)

41 -
4- fﬂ") Feraxd - Feo

-{ Beade
d

S + A C XA
Ao T A+EC
1 = ch)Ax. For some ¢ between x ard rax
e
-:f‘ (Mean Value -theorem fbf‘ \wszmls )
sy Para) -Feo
Avllcv-:‘o &ax

= lim Forax

AxX-»o &%

= liM je(c)

AX>0o
=c|'|_»:/\xf(c) (As s tends to o, ¢ tends Ho x )
= f&) (Ba C‘owbinuw’rﬁa of f )

- Feo s dliferzwb‘able_ and Foo =fbo.

9.4 befhr& lvrhejml Usinj Subsrbution
Theorem Q4.1

b ude)
Sa Fuen wead = { we Feadu

B@M‘J@. 9.4 .1
Ealuate f; &x 2+ dx

.(:u Ex G2+ e let w =+

=§, u L-du o Similar to ndefinte nteqrtion
It d = xdx

[T

when x=o , =1 ? New ?
=6

Don'-t fb\’j@t 2

=1 e W=D




FRQWIQY'k :

Some mag. wvike
Still o and |
S,‘, Ex &l ke = .Y:, b2y ) dGen) (as  dGEen) =2xch )
- [aees 0]
-6

(Just the same vesute 2)

BW‘[JQ .42
¢
Bualuate T —L— ok

fézrv'zd* Let wslnx
R s dce

= Chnad; when x=e , u=l
= |nl-|p/f'o %= ., wu=2
= lnd
Recall :
'Defiv\\-(-_\on Q4.

A fumce'lon f=’R—>R s said to be

: _even if f(—x)rf(x) —for al xeR

eﬁ. =<, cosx , Il /fé -
=2
Fmrer(-_a : the 8va|>\f\ s samme-(-v‘lc d
lo -axis .

Ql nj % axis <
odd !f 'f(—'x)=-‘f(x) -for al xeR
g =, sinx IE
Fm];er(-_a : the graF‘n s samme'(vic 4>

adbout -Hhe origin 5>




. Fe\rtodic rf +there exists T >0 such -that Jeeo- f(x-c-‘T) -fw al xeR
lj? T>0 is the least 'Posﬂ:ive veal number wrth the above PmFeH:a , T 18 called +he 'Feriod.

e.a. Sin %, cos x , tan x
Fm]:.ev-ba : the 8m]>\'\ s reFea(:ing
aﬁa.ivx and aﬁain

A
%:S‘V\X

4
ANVANS
peried of Sinx, Cosx = om i \/“ U‘m

Feﬁod cf tanx =

Exathle .43
Sv\ﬂ»se f s an even -f\mc&on and aso, Prove that \[af(-aoclx =2L f(-x)olx .

\[medx - &:f(-x)clx + \(‘: j’caoclx
>

\(‘: f(’&)dx
S:f(ﬂdx Let Yo
& Fgdg e

Sea=Sep (

When -z=o,(a=o

a

=\§° f(b)clla xX=-Q, -a=a.

a
= \fo f(-x)dx (clumm% variable)

For wMFle., x| s an even fmcbiovx.

ﬁl‘xld-x=2j: lx(d-x='.l°xclx=1[z-£-]: =16




ES@MFle. 9.4 4

Suﬂxase f is an odd f\mcbion and a>o
j:j’caodx =\[:f(->0c‘x +\f:j’@odx

-2

-J\: fmdx

§ oo

Let Y=-x
o du = -
Lo oy o
f(—a)s-f(«a)( N When x:o, Y=o
= \L - f(n)cln

xX=-Q, %:Q

a
= ",(; f(’x)clx (duwwn% variable )

For exawtrle. , Sin®'x s an odd f«wceon . So

Emw?(e 9.4.5

prove that L Food =f:-fbodx

a+T a+T

Ja Feocke =f:-fu>dx « | Feodk

2

_[ftf(x) . et Y= %-T
= J: f((d-t-‘l') dca °l'6 =ch

+T)= When %:=T,y=0
Fugm=p £ gy -9

=+, \a=0~

a
=L Feodx (ummy varicble)

prove that [ feocke - 0.

lhlé 'a :fm

J SO

%
™ Same area but
with d’-ﬂera\'t siﬁv\

-

j,'«
. ool
< Sin xdx =0

Sv\ﬂx:se f is :+T‘I>er7odic ‘f\mcﬁon with Peﬁocl T>0 and aeR ,

P g=feo

5 X

o a Ul‘ a-!-T\fr,




e 9.4 6

Prove that f —feodx =Jf 'f(a-x)cl'x N Y=Fa-o
J:'f(a-x)dx L.e'b (a= a-%x 5 ,a:iw
J:- Fpdy dly= - S a_
When x=0, Y-a
=j:f(%')d'a
A=, Ia=0

a
= \fo f(‘x)dx (c:luwwv\% variable )

4.5 :Dzﬁnrta IVTEES\'IA'(:‘D'\ USMj (Wﬁeavﬂ'tlon ba Parts
_nr\le:ore.m Q5.1
aui}dx = [uv]: -‘t\l g—:dx

Exaw\Fle. a.5.1
e
Evaluate. f, = n xcx

j,‘e'xlmxdx =\Y.e I = c](%})

2 (4
STEW]T [ 2l

- (Llne- LKD) - [




/
///T;/\,n—/
| '
\ '////: TN e
\ :% RN
é 5 >
b b
Hma._df;gkadad_maimn = J’ufMd"-' Lgeodx
I/\ 1
o '\'
I////'. = |- -
A R S ey s
a b a b & o
Examlble_ q.6.1
anl = ’xs
S-(:eP_I=_SnLLe r(aax
Ly
(¢}
'15511
L == 0
x=0 or |

(Remark : No need 4o sole )
d

‘6/\ '6"7‘? =

Avea = j‘.. < - e
. [%?-i‘f]; .0
. L
Y T

(o,0)




Exa.mF\e. a.6>

Find +Hhe area bounded b«a 3,
'6=j?eo=x . k6\=6(1>=_:_'H and la:lf\(x)g'}x,-pl
(0.2)
Hrea=£; heo - feo d'x.+J: qeo --feo R KD
Exercise :
=2+ (L +ha)

: % * I“ 4 ("l/-))

= 7
7//// g3 a7////,/, -

J

L
J‘a ffbodx A Avea of L'Hﬂe uwabounded \'tﬁioh
=|!}2+N.ra-fwdx (rf‘rtedsﬁs)

We dencte 1 bg L foo dx



clecay

‘ S(oueg\'

- Fastest

L
CD Iim [ —ldz = |im l'lny'll_' = Iim Iy\L =+ 00
L

>+ L+ L—>+00

L L
@ l. £ = i [-I_-I. = liM l--L= (
> 4
L+ L+ Lo+ L
- L l l
D lim f —_’;_cix_LLm_[;eL—._l,ALm -+ oL
>+ | € L+ Lo+ = = =
L
X L+
—_ExmnFlﬁ a.3.a
(;l-eo
Fi — 4
ind Yo N+
——Ngiﬂ—‘—CI‘i‘-)-(hil-)—]S—a—Fﬂlla‘GMLﬁl—ﬁ;dgj 1 ?:eg 2
G+0EBx+) x
L L
—_llm_ [ _I_(,‘td"ﬁ = l'lm r -‘. + ..3 dx
L—>+oo + x+2) L4 " ©° LSa | ey &N
L
= l‘m\_ L lnlx+t] +In |'%-x.|.1']
L->+ce ©
T oY = R
L>+o00 =T

= lng- 'n'l




ExamFle. a.32
Find .f., 2 dx

~>+o0
= l‘"‘_,mjo <d-L &™)
A L 2
- |'_i-'->“+m [-ixe ]O-S‘o e de
b el
B S N
L=+
‘E‘?W:l 4o 0 when Lo+o
v
_ s L 2L L 2L R
-;[_(Q+m sLe™ et
- L
T

9.8 |neclua|i-bies |vwo\vivﬂ lvd:eﬁmls
EmnFle 8.1
! n
Define an=J_ 2z For nelN . shos that g s Gn sy
Hence , flncl lim . .

N-S0c0

No+€ : For Osx=<1,

I/
ny
ﬂ)’
7.
)

U
1/

7
4

v v -
/N

K,

I\

&

H

[+

L
JJJ.“_&,L L

! _ <
ANFD T Jo 1+ n+1

N H _( s 1 ; =
A S VI\‘-L”& O

! n
Bla sandwich theorem |, nl-l_:n“j l}x’ =0

(-]




EwnFle 982
et T.- n.r Sinre o j?br neN . prove that [Tal « &

T+

Hence, deduce J\i_v’nn:[.\=0.
P [ 3

< §. | sinm| e

-+

<J-S°—gdx

=+

= i [tansd]

i

oxlTlezy and [limo-fim F--0

~ By sanduich theorem , lm I1l-0 and so lw Tn-0.

EmmFIe 982

Let To-JLet4 ' where n nonnegartive inteqer
a) BRove that I,=e-nI., -fw nel .

Hence . deduce 4hat  Tn= ()" nl+eZ(l)

n \r')' :
b) Show “that ks Tns j et’dt <& For all nal.

c) Hewnce, Prove that e is an irrational number.

) For nxt, Tp-foe4nde
Sordet

Lot - I st
=e- j\; ne-b't""d-b

= e - V\.Iy\-l




I, =e-nT,,
: e-nle-n-0T.,1
= e-ne +nh-NTna
= e-ne +nm-0Lle-m-23T,.31

: e-ne+nn-0e-nh-Dh-0T,, 5

= e-ne+nn-Ne--.. + (—l)h-ln(h-l)(n-ﬂ -2e 46 |)"n(vx-0(v\->)

= e-net+tnn-Ne---. + (—l)“-lvx(v\-n(n-ﬂ - 28 +(—|)“n(m-|)(n->.)

nt|
+ED nn=-Dn-2) --- - |

Wl n \g |
- o) A
COnl+ ez =0 ooy

(T L [

-t

ﬁe’c"e& . ej:-t“d{: =<2

]
{ n e
e S Tn < Le—t o€ <

) From @ and )

7’

1 <
A s In <57

1 S oyl _ _e
S GO AL+ e 2 (0 gy <5

| I P R
s S e 2T <w

lf e s rational , i.e. e=-% where P,QGN (Note e>o0)

when we consider n=p .

e 8 irrational .

= e-ne+tnn-Ne--.. + (—l)“"n(h-l)(n-z) - 2e +(—|)“n(m-0(n->.)

S YO (S U
ced-l- (e-1)
2--€

Aaal
then Q“)TV“+ ?oc-l)rﬁ# IS an M'(‘Ejer whiclh s imPossiL(e as O<

1
e+

Io= j: AT
[et]

=e-1

and x|

b



